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Abstract 

Motivated by the problem of radiation reaction in linear classical electro- 
dynamics, a theory of generalized higher order tensor and differential forms is 
introduced. We discuss a cohomology and integration theory for generalized 
higher order forms. Then we pay attention to a special type of generalized 
higher order field associated with bounded maximal proper acceleration. Using 
such theory of generalized higher order fields, a generalization of the Maxwell- 
Lorcntz theory with fields living on higher order jet bundles is described. The 
theory is free of the pathologies of the standard linear classical linear electro- 
dynamics. The theory is not local in the usual sense, since fields live on higher 
jet bundles over the spacetime. Combining the generalized higher order elec- 
trodynamics with maximal acceleration geometry, we show that the evolution 
of a point charged particle interacting with generalized higher order fields is 
described by solutions of a second order ordinary differential equation. Such 
equation is Lorentz invariant, causal, and compatible with Newton's first law 
and the energy-momentum conservation. In addition, it is free of run-away so- 
lutions and pre-accelerated solutions of the Dirac's type. In the final section 
we comment on the assumptions and on related developments of the theory 
presented in this work. 
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1 Introduction 



1.1 Motivation 

It is known that classical electrodynamics of point-charged particles suffers from 
severe problems when one considers the coupled dynamics of point-charged parti- 
cles and their radiation field. In such circumstances, the theory makes un-physical 
predictions |30j. This makes the theory unsatisfactory and remaining of further 
explanation. One can argue that such problems are not relevant, since the advent 
of quantum field theory, classical field theories describing fundamental interactions 
should be considered as the classical limit of an appropriate quantum field theory. 
Therefore, one could expect that the unwanted problems of classical electromagnetic 
theory (divergent Coulomb fields, run away solutions and pre-accelerated solutions 
of the Lorentz-Dirac force equation [2^ ) to be cured in the framework of a convenient 
quantum theory. This point of view is supported by the fact that those unwanted 
effects of the classical theory are significant at scales where quantum effects become 
relevant. 

Despite the fact that such problems make the classical theory unsatisfactory from 
a theoretical viewpoint, the development of a quantum field theory able to overcome 
them is yet to be realized. The situation is further complicated by the absence of 
a well-defined regime of validity for the classical theory; without the security of a 
valid standard classical electromagnetic theory up to the energy scale where quantum 
effects become relevant, a top-down approach to constructing a quantum theory is 
inherently problematic. 

In addition to the theoretical consequences of a problem-free classical theory, 
practical implications may be found in accelerator science and in modeling very 
dense, non-neutral, relativistic plasmas. The problem of the validity of classical 
electrodynamics is therefore one of relevance for current technologies. Therefore, one 
can conclude the still relevance of the foundations of the classical electromagnetic 
theory. 

One proposed solution to the foundational problems of classical electromagnetism 
was detailed by Landau and Lifshitz [34] and cast in the framework of singular 
perturbation theory (and developed thereafter) by H. Spohn [3HI35]. Despite the 
success of some convenience of this second order differential equation in describing 
the dynamics of a point-charged particle (instead of the third order Dirac equation 
obtained from Dirac's theory [20]). the theory is still laden with theoretical difficul- 
ties. The starting point in Landau-Lifshitz theory is the Lorentz-Dirac equation, 
which is substituted by a more convenient yet equivalent equation. This proce- 
dure is seemingly ad-hoc (one starts from a differential equation which is physically 
unacceptable) and does not appeal to fundamental principles. Furthermore, it is 
unclear whether pre-accelerated solutions can be obtained from the Landau-Lifshitz 
equation. Although these deficiencies may be overcome by future theoretical de- 
velopments, one cannot be sure a priori whether this will be achieved within the 
framework of standard classical electromagnetic theory. 

Another solution was proposed by R. P. Feynman and J. A. Wheeler [22j . In 
the Feynman- Wheeler theory, the electromagnetic field is not fundamental, but an 
appropriate mathematical construction to deal with charged particles and instanta- 
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neous interactions between them, described by a combination of the advanced and 
retarded electromagnetic potentials. Although this theory is free from the problem 
of divergent Coulomb fields for point particles, we uphold the notion that the in- 
clusion of the electromagnetic field within a theory is useful in describing classical 
electromagnetic phenomena. The support for this idea stems from the fact that 
the electromagnetic field is gauge invariant, while the electromagnetic potential is 
not. Additionally, in principle at least, the electromagnetic field is measurable by 
its effect on point-charged particles. 

Without being exhaustive, it is evident that the current frameworks for classical 
electrodynamics are not entirely satisfactory. The experimental difficulties in test- 
ing fundamental questions of theories of classical electrodynamics, particularly in 
relation to the problems described before, partially explain the lack of a solution 
to the foundational problems of classical electrodynamics. It is therefore reasonable 
to investigate new perspectives if they can produce experimentally testable conse- 
quences. 

In this work wc present a theory of generalized higher order fields and wc apply 
it to classical electrodynamics, to find a theory free from the problems of run away 
solutions and pre-accelerated solutions of the Dirac type and possible any other type 
of pre-accelerated solution. Motivated by experimental testability, the formalism for 
our theory is based on a phenomenological description of the electromagnetic field 
F, as determined by its effect on point-charged particles. Point-charged particles 
are characterized by certain curves on the space-time M which we can interpreted 
as the world-line curves of point-charged particles interacting with the field that we 
want to measure. 

1.2 Criticism of the notions of exterior electromagnetic field and 
point test particle 

In describing the behavior of a point-charged test particle influenced by the action of 
an external field, a typical strategy one could adopt is described in the following. One 
starts with the hypothesizes that the test particle will only 'see' the external field that 
we wish to measure. The standard description of the trajectory of the test particle is 
then obtained as a solution to the Lorentz force equation, determined by the external 
field. Such a naive approach, based on experimental determination of the evolution of 
the test particle, would however yield an inaccurate description of the external field. 
This is because an accelerating charged particle radiates electromagnetic waves, and 
this radiation of energy-momentum would have a twofold effect on the motion of 
the test particle. Firstly, the total electromagnetic field would now be a linear 
combination of the external and radiation fields, as opposed to the sole external 
field. Secondly, the radiation of energy by the test particle would change its energy- 
momentum four-vector, thereby producing a dynamical effect on the motion of the 
test particle. Since the motion of the test particle is determined by the total field 
(rather than the sole external field), this suggests that the above notion of a test 
particle is not accurate enough to describe the behavior of charged particles in 
external electromagnetic fields. 

Let us focus our attention initially on the related issue of how an electromagnetic 
field is defined in terms of physical measurements on the motion of point-charged 
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particles (note we have replaced the denomination of 'test particle' with 'point- 
charged particle'). The discussion of the previous paragraph indicates that the 
motion of a charged particle is affected not only by the external field, but also 
by the radiation of the particle emitted as it accelerates. Therefore, the notion of 
defining an external electromagnetic field based on the measurement of the motion 
of test particles is not as clear-cut as we would like, since it cannot be characterized 
by measurements on the motion of charged particles without a complete description 
of the internal field. Both the point particle and the total field form a coupled 
dynamical system. In such systems it is difficult to abstract a notion of an external 
electromagnetic field that is consistent with a phenomenological characterization. 
The notion of an external electromagnetic field, and indeed of an electromagnetic 
field in general, requires revision. Further, we observe that it is natural to interpret 
the standard theory of classical electrodynamics as an effective theory. With this 
interpretation in mind, the notion of an external field must appear along with an 
associated notion of a test particle. In addition, a covariant notion of weak-strong 
fields should be possible H. 

1.3 A theory of higher order electromagnetic field 

In order to describe the classical electrodynamics of point charged particles with 
electromagnetic fields, a modification of the notion of electromagnetic field can be 
useful. We propose that the description of an electromagnetic field should depend 
not only on the macroscopic source, but also on the state of motion of the charged 
particle which is used in each particular measurement setting. The motion of the 
particle is not prescribed a priori, but only assumed to exists and be regular in 
the domain of definition, which, on a classical level are reasonable assumptions. 
We then follow fundamental principles to obtain a mathematical formalism for the 
electromagnetic field, the equation of motion of the point-charged particle and the 
equation of evolution for the fields. The guiding principles when pursuing this 
strategy are as follows: 

1. A minimal extension of the notion of a field. We think that a formalism capable 
of accommodating the dynamical system of point charged particles interacting 
with electromagnetic fields can be constructed if the electromagnetic field and 
other fields are described as sections of certain sub-bundles of higher order jet- 
bundles over the space-time manifold M. In particular, the generalization of 
the notion of a field introduces degrees of freedom in such a way that one can 
obtain consistent dynamics of particles and fields. This procedure is performed 
in a minimal way, introducing the minimal number of new degrees of freedom, 
attempting to be as conservative as possible in the process of generalization. 

2. Geometry of maximal acceleration. In general relativity, the geometry of the 
space-time is dynamical. On the other hand, if the modified electromagnetic 
field enters in Einstein's equations, then in an analogous way the substitute for 

^The pair (particle, external field) is a convenient representation if the external field has a much 
stronger effect than the radiative-reaction in the motion of the test particle. A notion for strong 
or week field can be introduced in a covariant way using the norm-operator associated with the 
Riemannian metric determined by an observer 
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the metric field needs to be formulated in the same framework of higher order 
jet bundles. Therefore, the substitute of the space-time metric tensor will 
be a tensor defined on higher order bundles over the space-time manifold M. 
One way to achieve this is by using geometries of maximal acceleration. This 
provides a minimum extension such that the requirements third to five bellow 
are fulfilled. Conversely, a description of geometries with maximal acceleration 
requires the use of generalized metrics, with coefficients living on the jet bundle 
Jq(M). This can be seen as a justification of the formalism of higher order 
fields. 

3. We assume that the theory is an effective theory, in the sense that it depends 
on a small parameter in such a way that in the limit when such parameter goes 
to zero, one obtains the standard classical Maxwell-Lorentz theory. This pa- 
rameter is related to the inverse square of the maximal covariant acceleration 
described in the point before. However, we do not discuss a particular mecha- 
nism producing the maximal acceleration and only general considerations are 
presented. 

4. The equation of motion of the test particles must be a second order ordinary 
differential equation. This is a requirement that we follow, in order to avoid 
from the outset the problems that plague the standard formulation of classical 
mechanics. This principle is very restrictive, as we will see. 

5. Conservation of the energy- momentum of the system. This implies that the 
loss of energy-momentum of the particle must be compensated for by its emit- 
ted radiation, following a covariant Larmor formula [30\ I42j . 

We present a theory where all the physical fields (electromagnetic excitation, electro- 
magnetic field, density currents and generalized metrics) have coefficients on higher 
order jet bundles over the space-time manifold iwH. A maximal covariant accelera- 
tion is introduced, providing a book-keeping parameter for the theory. We show that 
in the limit of infinite maximal proper acceleration, there is a convenient definition 
of external field and test particle which recovers the standard notions. 

As result of our analysis of the extension of electromagnetic fields to higher order 
jet bundles on the space-time manifold M and with point particles moving with 
bounded speed and acceleration, we derive an effective theory living on M for point- 
charged particles and electromagnetic fields such that it does not contain some of 
the pathologies of the standard classical theory. In particular, the electromagnetic 
fields are described by a set of equations analogous to Maxwell's equations, whereas 
the point-charged particle is described by equation ()6.6p (or in its normal coordinate 
version form, eq. (j6.5p ). which is of second order and does not suffer most of the 
problems found with the Lorentz-Dirac equation. The effective full dynamics of 
fields and point-charged particles is described by equations (j6.6p and the Maxwell 
equations (|7.7p . (|7.1Up together with the charge conservation law (j7.1ip . 

Our considerations will involve localized charged particles with fixed charge e 
and mass m. The electromagnetic media will be the vacuum, and therefore we 

An alternative description to such objects is as sections of Kp{J^{M)) that are horizontal, in 
the sense that will be indicated later. 
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will consider permittivity and permeability are constants living on the peace-time 
manifold M. The study of other more convenient media and charge distributions 
will be postponed to subsequent investigations. 

1.4 Structure of the work 

In this paper we explore a classical electro dynamic theory with electromagnetic 
fields to be sections of the bundle A'^{M,J'{J^{M))). These are differential forms 
over M that, when applied to sections of TTM gives a section of F{J^{M)). In 
section 2 such differential forms are introduced. Particular attention is payed in 
the case of generalized metric, since it will be of relevance to the construction of 
geometries of maximal acceleration. The fundamental notion of non-linear connec- 
tion that we need to define natural objects in some vector bundles is also discussed. 
We describe the fundamental geometric and cohomological notions of generalized 
forms that required in later developments. In section 3 the notion and fundamental 
properties of maximal covariant acceleration geometry are briefly presented. Maxi- 
mal covariant acceleration introduces a natural perturbation parameter (the inverse 
of the square of the norm of the maximal covariant acceleration), which is funda- 
mental for our treatment and will eventually forbid run-away solutions in a natural 
way. The generalized higher order fields are introduced in section 4 from the coho- 
mological perspective discussed in section 2. Also, we discuss the behavior of the 
singularities of the fields. The combination of the cohomology theory of section 2 
with the analytical structure that we assume for the electromagnetic fields provides 
an unambiguous way of generalize the notion of electromagnetic field in section 4- 
In section 5 the Lorentz-Dirac equation is discussed in the standard framework of 
classical electrodynamics, in the new setting of generalized fields and in the contest 
of geometries of maximal acceleration. In particular, we analyze a simple way to 
obtain the Lorentz-Dirac equation, as was discussed by Rohrlich in each of the 
different frameworks. In section 6 a second order differential equation describing 
the motion of a charged particle is obtained and its basic properties discussed. The 
deduction is based strongly on the notions presented in sections 3 and section 5 
and the method explained in section 4- We show that higher order fields, maximal 
acceleration and conservation of energy momentum are compatible. The resulting 
differential equation and is free of run-away and pre-accelerated solutions of Dirac's 
type. In section 7 a complete set of differential equations for an effective electro- 
magnetic theory on M are obtained. We calculate the corresponding oscillation 
frequencies. In section 8, the results of the paper are briefly discussed and some 
directions of further investigation are indicated. 

1.5 Conventions 

M is an n-dimensional, Hausdorff, second countable, smooth manifold (in applica- 
tions to physics, n = 4. However, this restriction is not necessary for most of the 
developments that we present). That M has all these properties is only to assure 
the existence and uniqueness of natural geometric operators (basically, they justify 
the existence of exterior algebra of differential forms). An arbitrary point in the 
manifold M is denoted by Latin letters, usually by x or p. However, in the case of x, 
the same symbol will be used to designate its coordinates in a local coordinate chart 
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on M. An arbitrary local coordinate chart on M is denoted by {U, x), where U is an 
open neighborhood. A curve on M will be a smooth map x : / — > M, being / an 
interval of R. The distinction between the three different meanings of x will be clear 
from the context, although parameterized curves will often denoted by x(a) or by 
x{t), indicating the parameter that they depend. Greek letters are used for space- 
time indices and run from 1 to n. Generally, smooth differential forms will also be 
denoted by Greek letters, except for electromagnetic fields, currents and potentials, 
where we follow the traditional notation and denote F, G, A, J. When considering 
fiber bundles over M, Indices of the fiber over x in the jet bundle are denoted by 
capital Latin letters. For instance for fibers over x of the jet bundle Jq{M) they 
run from A = l,...,nk. Einstein's summation convention is used, if anything else 
is not stated. In some occasions we use multi-index notation, in order to simplify 
some expressions. The manifold M is equipped with a pseudo-Riemannian metric 
■q. However, for physical applications it will have signature (—1,1,...,!). Even in 
some more concrete applications, the space-time manifold will be four dimensional 
and will have signature (—1,1,1,1). In this case, when a 3 -|- 1 decomposition is 
possible, three dimensional objects are indicated by arrowed vectors like A. 



2 Differential geometry of jet bundles and cohomology 
of generalized differential forms 

In this section we introduce the notions generalized tensors and generalized differ- 
ential forms that we will use later. Firstly, a short introduction to /c-jets bundles 
Jq (M) is necessary, since the geometric objects that we will consider are constructed 
on such bundles. Then a relevant class of connections defined on the fc-jet bundle are 
explained. Once we have choose one of such connections, the notion of generalized 
tensors and forms is given. It consists on tensor along maps on M with values on 
the module of functions F{Jq{M)). The justification to introduce such sophisticated 
objects is based on physical considerations and will be explained in later sections. 
Just say here that it allows a notion of electromagnetic field which is capable to 
accommodate the changes produce by radiating point charged particles. 

We will show that basic notions of differential geometry can be transplanted to 
the framework of generalized tensors and forms. For instance, a notion of gener- 
alized metric is introduced as generalized tensor, as well as associated objects as 
distance, isometrics, Hodge operator as well as the fundamentals of a causal theory 
(for Lorentzian signature) . The foundations of the Cartan's calculus for generalized 
forms are explained. With a notion of generalized metric and the Cartan's calculus 
for generalized forms at hand, the fundamental results of the cohomology of general- 
ized differential forms arc obtained. In particular, integration along the fiber implies 
a version of Thorn's isomorphism theorem. Although motivated by physical appli- 
cations in later sections, the cohomology results can be considered independently of 
those applications and indeed can be applied to other problems in physics. We end 
this section with a definition of integration of generalized forms. 
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2.1 Jet bundles and natural lifts 



Jet theory is a natural framework for the study of the geometry of ordinary and par- 
tial differential equations (see for instance for a introduction to jet theory [T0 l [T9 l [32 t 



Given a smooth curve x : / — > M, the set of derivatives (x(0), ^|o, ^| 
determines a point in the space of jets of curves Jq{p) in a neighborhood of the point 
p = x(0) E M, 

J^{p) := |(x(0), ^lo, ^lo), yC^x-.I^M, x(0) = p G Af, G /| . 
The jet bundle J^{M) over M is the disjoint union 



= u 






ccGM 






dx 1 


(fx. 











The projection map is 

^•vr : 4(M) ^ M, (x(0), ^|,, ^ x(0). 

The fiber over p £ M Jq{p) = ^iT~~^{p) is a manifold of dimension nk. Local coordi- 
nates on the fiber Jq{p) are induced from the local coordinate system {U, x) over M 
in the way that a natural system of local coordinates is {x{a), ^^)|o-o=o- 
In a similar way, a natural system of local coordinates of a point in Jg (M) is denoted 
by (x^, x", y-*^, y"'^). The linear map ^vr : Jq(M) — )• M is differentiable and 
the differential of the projection ''tTu at m G '^it~^{x) is the linear map 

We will denote by ^tt^ the projection ('^vr*) : TJq{M) — > TM such that at each u 
it is the linear map {^■k*)u- 

Given a curve x : / — t- M, the /c-lift is the curve '^x : / — )■ Jq{M) such that the 
following diagram commutes, 




Each point on the lift '^x : / — )• Jq{M) has local coordinates given by (x((t), '^^[^^ , 
where a is the parameter of the curves x : / — )• M and '^x : / — )• Jq{M). 
There is also the notion of lift of a tangent vectors and smooth functions: 

1. Let X G TxM. A lift ^lu{X) at u G ^tt~^{x) is a tangent vector at u such that 

d^TT{Hu{X))=X. 

2. Let us denote by J-{Jq{M)) the algebra of real smooth functions over Jq{M). 
Then there is defined the hft of a function / G T{M) to T{J^{M)) by 
fc7r*(/)(n) = /(x), Vu G ^ti-^{x). 
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Remark 2.1 Jq{M) is not a vector bundle over M, except in the case k = 1, where 
Jq{M) ~ TM. We will use vector bundle cohomology results later on and we will 
see why this is convenient. 

The kernel of {^'7t^:)x at x E M is the vector space 

'V. :=('=7r,)-i(0,). 

where Ox is the zero vector in T^M. Then vertical bundle over M is 

'V:= □ '^V. (2.1) 

x& M 

and the vertical bundle over Jq{M) is 

: '^V 4{M). 

is a real vector bundle over Jq{M), since it is the kernel of ^tt^. The composition 
of ^T^v with ^TT determines also a real vector bundle over M, 

One can introduce the notation '^vry = ^vr o ^Tiy. 

2.2 Connections on TJq{M) and a covariant derivative on TM 

Let us recall the notion of general connection on an arbitrary fiber bundle vr^ : £ — > 
M (see for instance [32] )• The vertical bundle is V£ := ker{((Ks)^,). A connection is 
then a map 

■■ TM — > V£ 

such that 

1. = cD^, 

2. Im^ = V£. 

For = {Id — one has that /i| = and the following decomposition holds 
globally, 

T£ = ^e{T£) e hs{T£) := V£ ?{£. 

The distribution is the horizontal bundle. Therefore, for each u £ £ there is the 
unique decomposition 

Tu£ = nu£ e Vu£. 

Given the connection 'H£, the horizontal lift of a vector field X G TTM is a hori- 
zontal field £TrL£ such that ^'k^{^X) = X. 
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Definition 2.2 A connection on ^tt : is a global splitting 

TJ^{M) = v4{M)®nJQ{M), 
with VuJq{M) = ''Vu = ker{''TT^)u for each u G J^^M). 

We will denote by ^li = 'HJq{M) to the horizontal distributions. 

The objective of this and following sub-sections is to show the existence of connec- 
tions on Jg (M) related with a standard connection %£) ^ TTM on TM, which is 
determined by the Levi-Civita connection D of the semi-Riemannian metric r] on M. 
In order to introduce the connection Tijy on TM, let us consider the commutative 
diagram 

TTM TM (2.2) 

TM " ^ M 

and let V = ker [tti) C TTM be the vertical sub-bundle. The vertical lift of a vector 
field is canonically defined [16] and is 

Let us fix the connection T-L^ as the distribution of TTM determined by the condi- 
tions [muzi, 

1. It is torsion free, 

[''x, ^y] - i^Y, ^x] - = 0. (2.3) 

2. The geodesic spray S of the Riemannian connection D determines the hori- 
zontal lift by the formula 

^X„:=i(['^X, 5]„ +(^X)„), XeT,M,ue7:~\ (2.4) 

The horizontal lift ()2.4p is linked to a horizontal distribution |16j . 

Proposition 2.3 The set {{'^X)u, X G T^M, u G vr"^(x), x G M} determines a 
vector space of sections that defines a connection on TM . 

The connection T-Ld has associated the projection operator : TTM — > H-d- To- 
gether with additional conditions involving the notion of torsion, one can determine 
a unique horizontal distribution %£> = Im{h£)). Since dimiV) = n, one has that 
T-Ld = n. The horizontal lift of an arbitrary vector field X G TTM is denoted by 
'^X G TTTM. Given X G TTTM, its horizontal component is denoted by ^X. 

Example 2.4 Let (M, r]) be a Lorentzian space-time. Given an holonomic local 
frame {gfjr, A* = l,...,n} the connection coefficients of the Levi-Civita connection 
D are given by the expression 
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for fj,,i',p,s = l,...,n. Then one can introduce the homomorphism the homomor- 
phism 

d .... d 



V 





5 1 9 1 


' 1 1 


(5 1 


d 1 








^^v \u 





N :TM — > TTM, — ^ N' u t^- 
such that the projector /i/j is given by 

hD-TTM^-Ho, {Id - N){X). 

Then \s determined by the components of N , 

N^'u{u) = i^up{x)yP (2.5) 

for 11,1/, p = 1, n. 

An induced tangent basis for T„M is given by the distribution 

^''^H^^L (2-6) 
for /X, z/ = 1, n. The set of local sections 

{^U...,^Un.Tf/} (2.7) 
generates the local horizontal distribution T-Ld\uj while the set of local sections 

{5^1--' 5^1-^ ere/} (2.8) 

generates the local vertical distribution V\u- 

Given a connection on TAI, there is associated a covariant derivative on M, defined 
in local coordinates by the expression 

{D^Zy = x'' + p{{x,Z))xP, u= {x,x) £ TM, Z £ TTTM. (2.9) 

The derivatives are performed respect to a (in this case, an affine parameter) . The 
geodesic equation for the linear connection D is given as the curve on M solution of 
the differential equation 

L>iX = 0, (2.10) 

Equation ()2.10p corresponds to the geodesic equation of the pseudo-Riemannian 
metric 77. 



2.3 Induced connections on JqM from connections on TM 

Given a connection T-L on TM, we can show the existence of connections '''H on 
Jq (M) related with Ti. The construction resembles the induced connection of the 
references |3HI32j. The connections ^li will be used in the construction of geometric 
objects and some relevant natural operators on Jq{M). 
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Let us consider the commutative diagram, 



■TM 



M- 



id 



(2.11) 



M. 



The commutative diagram (j2.1ip induces a commutative diagram for each G 
Jq{M), (x, y) E TM and x G M with pr{ ^x) = (x, y) and 7r(x, y) = x. 



id 



(2.12) 



Lemma 2.5 Lei tis consider a distribution ^% C TJq{M) such that pr^{^%) C ?^ 
and i/iai the diagram i2.12\) commutes. Then it holds that ^IhL n '^V = 0. 

Proof. If the vector field Xq G ^IhL and is vertical, then ( ^it^){Xq) = 0. The commu- 
tative diagrams (|2.12p imply that pr^,(Xo) £ and 7r^,(pr*(Xo)) = 0. Therefore, 
pr^:{XQ) = 0, since the only horizontal vector U such that pr*(C/)=0 is the null vec- 
tor. □ 



Lemma 2.6 Let us consider such that pr^,{^'H) C T-L and that the diagrams 
i2.12\) commute. Then dim{ < dim[M) = n. 

Proof. Assume that it has dimension n + 1. Then there is a basis {Xi, Z} 
of ^ii such that Xi = Xi for each i = 1, ...,n. Therefore, 

pr^{Z) = a^Xi = a^pr^{Xi) = pr^ia' Xi), 

from what follows that pr^[Z — a* Xi) = 0. Since diagrams (j2.12p are commutative, 
it follows that Z — Xi is vertical. Therefore, it must be zero (by femma [23]) . □ 

Proposition 2.7 Let us consider ^'Hm of maximal dimension such that pr^{^ T-L) C 
%. Then it has dimension n. 

Proof. We have that dim{TjQ{M)) = n{k + 1), dim{ker{^pr^)) = nk. On the 
other hand, ^pr^, is surjective. Therefore, dim{Im{pr^)) = n. Assume that there is 
a Xq G T-L^n such that it is not the image of some Xq G ^T-L. This is in contradiction 
with the following facts (just counting dimensions): 

1. ^i-Lm is of maximal dimension, 

2. pr^i^Um) C n, 

3. The projection pr* is surjective. 
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Therefore, it follows that di'm{ ^%m) = n. 



□ 



Theorem 2.8 A distribution of maximal dimension such that pr^{^'H) C Ti 
and that the diagrams i 2.121) commute is a connection on Jq{M). 

Proof. Let ^li a, maximal distribution of dimension n. As we showed in lemma 
^^Ura n '^V = 0. This shows that TJ^{M) = '"H^ ^V. □ 

Definition 2.9 Given % a connection on TM . A connection ^% on Jq{M) as in 
theorem \2.8\ will be called an induced connection on Jq{M). 

We consider an induced connection ^ii on Jq{M) which is induced from the connec- 
tion T-Ld, determined from the Levi-Civita connection D. We note that theorem \2.8\ 
does not fix the connection ^li, but only shows the existence of such connections. 
Indeed, because of the difference between the dimensionality between Tk^jQ{M) 
and Tf^x^y-^TM it is not possible to fix the connection on that way and a bunch 
of connections exists that full- fill theorem 12. 8[ However, one can characterize such 
connections, 

Proposition 2.10 Let us consider two connections ^i-Li, constructed as in the- 
orem \2.S\ . If^^X E ^'Hi\k^ and^^X € '^?^2|'=x' the corresponding horizontal lifts 
of X £ T^M such that pr^{^^X - ^^X) = 0, then ^^X - ^^X = is vertical. 

Proof. It is a direct consequence of the fact that the diagrams (|2.12p commute. □ 

The following notion captures when a property is independent of the connection 
used. 

Definition 2.11 Equivariant relations. 

1. Two connections and are equivariant iff ^^X — ^^X E ^V. 

2. A property is equivariant if it is formulated using the connections appearing in 
\2.8\ and is true for any of such connections. 

If we denote by '^H the set of connections as in theorem \2.S[ it is clear the following 
Proposition 2.12 Definition \2.11\ induces an equivalence relation in '^H. 
Each induced connection ^% has associated a projection map /ifc, 

hk : T4{M) ^ii 
with the property that (/ifc)^ = hk- 

Remark 2.13 1. One way to define a connection on Jq{M) is by using a semi- 
spray of order k plus additional conditions on the variation equations |10j . 
However, for the problem that we are interested on this paper (the dynamics 
of point charged particles with the electromagnetic field), we do not have at 
hand any natural semi-spray of order k which is free of pathological solutions. 
Indeed, we have two possible semi-sprays defined in the problem. The first one 
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corresponds to the Lorentz-Dirac equation. This is a spray of third order k = 3. 
However, the Lorentz-Dirac spray is not physically acceptable: it is well known 
that it contains un-physical solutions. The second natural spray corresponds 
to the geodesic equation of the pseudo-Riemannian metric ry. This is a spray 
of second order k = 2. It determines geodesies describing the dynamics of free 
point charged particles. 

2. Kaluza-Klein dimensional reduction theories does not provides a natural spray 
to define a convenient connection. That reduction reproduces Lorentz force 
equation, that although brings to the game several connections (see for instance 
[351 [361 Elj ) 5 it does not take into account radiation reaction effects. 

In view of the above remarks we need to keep in mind that the equation governing 
the dynamics of a point charged particle is not necessarily a (semi)-spray. This will 
be indeed the case. 

Given a connection on Jg (M), the local connection coefficients of the endo- 
morphism in the natural basis 

d d d d 



dx^ ' ' dx^ ' dy^ ' ' dy 



nk 



(2.13) 



are {A'^'^^, /i = 1, A = 1, ...,nk}. However, they are not completely determined 
by the above construction. Note that we are not able to specify the connection by 
theorem 12.81 In this sense, let us adopt a particular type of the connections that 
2.81 stipulates to exists. Then there is a splitting of any local frame of TJq{M) such 
that the horizontal distribution is locally generated by 

' ■ ' ■ ' ■ ' ■ ^ ' ■ ' ■ N\^A. (2.14) 



ox^ ox"- oy^ ay"'' J ox'^ ox'^ oy^ 

with u = l,...,n, A = l,...,nk. Therefore, the functions k'n? functions ^{x^y) 
determines the connection in the given coordinate system. From theorem \2.8\ of 
those functions are fixed. Therefore, there are still (A; — l)n^ to be fixed by imposing 
additional conditions. 

The vertical distribution is generated locally by the local frame, 

,x eU C M 



nk ' 



oy^ oy 

A way to impose conditions on the connection is by considering the following type 
of connections. 

Definition 2.14 A vertical p-form is such that u!y{... ^Xi, ...) = for any horizontal 
vector field e '"H. 

A local frame of vertical forms is determined by exterior product of vertical 1-forms 

6y^ = dy"^ + N"^ ^ dx" , i^ = l,...,n, A = l,...,nk, (2.15) 

where the dual co-frame of 1-forms {dx^, dx", dy^, dy"^} defined by the rela- 
tions 
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d d 
'^'^^te^"^' '^y^^d^^^^^' i,j = l,...,n, A,B = l,...,nk. 

The proof of the following proposition is direct, 

Proposition 2.15 The notion of vertical form is equivariant. 

Remark 2.16 This is not in general true in the case of vertical tensors: a vertical 
tensor can depend on the definition of the connection. 

A tensor field of type {p,q) T is a section of the bundle T^P''iU^{M). Given 
a connection ^ik on Jq{M), one can define the notions of horizontal and vertical 
tensors of any order. 

Example 2.17 A tensor field T of type (2,0) is a section of the bundle r(2.o)jfc(M). 
Locally, the sections of T^^'*^-* Jq (M) are spanned (with coefficients on F{Jq{M)) by 
the tensor product of elements of the frame {ei( ^x), e„(fc_|_i) ( ^x)} 

r(2'0)jofc(M) = span\ei{^x)® eji'^x), i,j = 1, n(A; + 1)} . 

If there is defined a connection ^li as in theorem \2.8\ the tensor bundle of (0, 2) 
horizontal tensors is locally spanned as 

Similarly, the tensor bundle of (2, 0) vertical tensors is locally spanned as 

A,B = l,...,nk\ . 



rf°)4(M)=.pan|^ 



1 ' 




d 






^ dyB 



The bundle over Jg (M) of hv tensors of type (1, 1) is locally spanned 

Tt'''h^{M) = spanS^^l^^ ® 5^1.' = ^' ^ = ^' ' 

One can consider an horizontal (1,1) tensor, that generically will have the following 
expression in local coordinates 



^x 



Horizontal p-forms can be spanned locally in a similar way 
A 2-form horizontal can be expressed in local coordinates as 

uj{^x)= Uij{^x)dx^\k^ f\ dx^\k^. 

Note that horizontal forms does not depend on the specific connection ^% that we 
can choose. 

The tensor product of horizontal tensors is an horizontal tensor. In a similar way, 
the exterior product of horizontal forms is an horizontal form. One of the non- 
trivial results that we will show bellow is that there is a notion of horizontal exterior 
derivative, for which definition we need a connection on Jg (M). 
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2.4 Generalized forms and tensors fields 



Let Jo (M) be the k-jet bundle over M and rj a pseudo-Riemannian metric on M. 
Let us consider a connection ^"H on Jq{M) as in theorem \2.8[ 



Definition 2.18 Let pr : T'^p^''^ J^{M) — > Jq{M) he a tensor bundle over Jq{M). 
A tensor along the curve : I ^ M is a map S : I — > T^^''^^ Jq{M) such for the 



curve X : / 
commutes: 



M , lift of the curve x : I ^ M to Jq{M), the following diagram 



r(P.9)jfc(M) 




A tensor S along the curve x : I ^ M is horizontal if it its value acting on any 
arbitrary vertical vector or vertical 1-form is zero. A tensor S is vertical if its value, 
acting on any horizontal vector is zero. 

One defines in a similar way differential forms along the curve '^x : / — )• M as a 
map Cj : M — > A^Jq (M) such that the following diagram commutes, 

APJ^{M) 




Let us define the following projections: 

h : r(P'«)(4(M)) T^^-'^Vo W) 
T^hk{T) 

such that on horizontal vectors and forms T = hk{T), but if hk{T) acting over any 
vertical vector or differential 1-form is zero. The horizontal tensor bundle is 

r^'«)(4(M)) j^{M) 

In a similar way one can define the horizontal forms bundle A^{Jq (M)) and the 
corresponding projection 



Definition 2.19 (Weak definition of generalized tensors and forms) 

Let {M,r]) be a pseudo-Riemannian manifold. A k-generalized {p,q)-tensor S is 
a map such that: 

1. To each timelike curve x : L ^ M associates a horizontal tensor S : / — ?■ 
Tjf''^hl^{x{L)) along ^x : L ^ M as in definition [2JR 
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2. If two lifted curves ^xi : / — > Jo{M) and ■ I — > JoiM) intersect at the 
point ^x{so) G ^xi C ^X2, then the value at the intersection of the generalized 
tensor coincides, 

S{''xi{so))= S{''x2{so)). (2.16) 

3. It is horizontal, evaluated on any vertical vector or vertical 1-form is zero. 

A k-generalized p-form is a map such that to each time-like curve x : I ^ M 
associates a horizontal differential form to : / — > Jg along x : / — t- M. 

Therefore, given a curve x : I ^ M and the hft of the curve (with a prescribed base 
point) ^x \ I ^ Jq{M) a /c-generahzed (p, g)-tensor associates a unique section of 
T^^'^^^J^^M) along the map ''x : I ^ Jo{M). 

Remark 2.20 Since the definition of generahzed tensor is quite elaborate, we pro- 
vide some insight on the motivation for such definition: 

1. The second condition 12.191 is related with locality character of physical fields. 

2. We restrict to consider horizontal fields only, since they will have associated 
macroscopic flows across surfaces in some physical interpretations. 

We will restrict our attention to causal curves x : / — )• M in l2.19l because its relevance 
for physical applications. 

Definition 12.191 provides a notion of tensors along lifted curves to Jq(M). How- 
ever, this notion is not enough to define some natural operations on generalized 
tensors and generalized differential forms (in particular to consider exterior deriva- 
tive operator). In order to be able to define such operations one needs to define 
on open neighborhoods of Jq (M). One can achieve a more convenient definition of 
generalized field by considering fields over hfts to J^{M) of tubes in M. A way to 
construct convenient tubes is the following. Let 

A : / X — > M, 

be a congruence of curves such that the lift 

^•A:= U ^A(-,5) (2.17) 

is a tube in Jq (M) such that intersection between the lifted curves, 

A(-,5i)n A(-,52) =0. 
Then A(/ x S^-^) C M is a tube on M. 

Definition 2.21 (Strong definition of generalized tensors and forms) Let {M,r]) he 
a pseudo-Riemannian manifold. A k-generalized (p,q)-tensor S is a map such that: 

1. To each tube A : / x S"^^ — > M associates a horizontal tensor along the 
lifted tube ''A, which is a map S : I — > Tjf'^hl^ {A) . 
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2. If two tubes intersect, the value of the tensor S coincides in the intersection, 
^(^Ai) = 5(^A2), for any G '^Ai n '^As- (2.18) 

A k-generalized p-form is a map such that to each tube A : I x S""^ — > M 
associates a horizontal differential form along the lifted ^A, which is a map S : 
I A^Jo^(A). 

Example 2.22 If A; = 1, 5 is a standard tensor or form defined in a tube S G 
FTMa along a curve x : I ^ M. It is clear that the set of generalized tensors 
form a real vector space, that we denote by r^^'^^(J^(M)) (respectively, Al{J^{M))) 
for differential forms. 

Remark 2.23 The notion of tube in Jq{M) that we use assumes that there are 
non-intersections in the curves composing the tube. This is natural when dealing 
with local notions. However, it is not guaranteed the absence of intersections for 
arbitrary long tubes. 

In the case that the manifold (M, r]) is Lorentzian, one can specify to work with tubes 
which are composed by non space-like curves. Also interesting is the possibility 
to work with congruences of curves, solutions of a given differential equation on 
M. Then one needs to check that given an arbitrary point ^x G Jq{M), it can be 
surrounded by a tube composed by lifting to Jq (M) local solutions of the differential 
equation. 

2.5 Tensors and forms with values on T{Jq{M)) 

Definition 2.24 A generalized tensor T of type {p,q) with values on F{Jq{M)) is 
a smooth section of the bundle of JP{M) -linear homomorphisms 

r(P''')(M, J'(4(M))) := Hom{T*M x ...p... x T*M x TM x ....... x TM, F{Jq{M))). 

A p-form oj with values on T{Jq{M)) is a smooth section of the bundle of T{M)- 
linear homomorphisms 

KP{M,F{J^{M))) ■- Hom{TM x ...p... x TM, F{J^{M))). 

The case T K^{M,F{4{M))) := F{4{M)). 

Given a connection ^Ti. on Jq{M), there is an alternative way to describe general- 
ized tensors (for both weak and strong definitions of generalized tensors and forms). 
The connection '"H determines the horizontal lifts T^M 3 X ^ e Tk^J^{M) 
and T*M 3 a ^ & TIJ^{M). Then the tensor S defines a T{J^{M))- 
multilineal form 

S : T*M X ...P... X T*M xTMx ...«...TM — > T{J^{M)) 
(ai, ap, Xi, ...,Xg) ^ Si^^ai, '^a^, '^Xi, '^Xfe, %). (2.19) 



20 



This rule determines the homomorphism 

4) : r^^'^^(4(M)) T'-P'''\M,T{J^{M))), S ^S. (2.20) 

There is a similar construction for generalized forms, 

: A^(4(M)) AP(M,^(4(M))), Co^oj. (2.21) 

such that it is an homomorphism of graded algebras, 

0(ai A 02) = ai A 02, Oi G A^'(Jo^(M)). 

The relation between definition 1 2 . 241 and this new alternative definition are given by 
the following two results, 

Proposition 2.25 The definition of tensor and forms F{Jq{M)) -valued is equiv- 
ariant. 

Proof. Given two equivalent connections as the specified in theorem 12.81 for any 
vector field X G TTM, ^^X — ^^X is vertical (similarly for the lifting of differential 
forms). Therefore, since the tensor T is horizontal, 

□ 

Proposition 2.26 The homomorphisms h2. 20\) and i2.21\) are T{Jq{M)) isomor- 
phisms. 

Proof. Let us fix our attention in the first homomorphism ()2.20p . Since S E 
T^''^\Jq{M)), it is horizontal and the fact that the horizontal lift is an injective 
homomorphism, we have that (|2.20p is injective. To prove that it is also surjective, 
one can consider an arbitrary S G TT'^'''\M,F{Jq{M))) defined at each point 
in the following way. For the horizontal (^a^,..., ^ap) 1-forms and horizontal 
(Xi, ...,Xp) vector fields on M one has that, 

5( V,..., V '^Xi,..., %)('=x) :=5( V( V),..., V(^aj,), ^ X^), V(% 

(2.22) 

for any other vectors and forms on Jq{M) one has 

S{f3i, ...,l3p, Yi, ...,Yq) = 0, if any vector Y or 1-form /3 is vertical. 

This S is horizontal and such that (p{S) = S. Therefore, (p is also surjective. Note 
that the computations are done pointwise. The localization property follows in a 
similar way as in proposition 3.1 in [31]. □ 

Because of the equivalence 12.261 we will use each of the above notions 
Any section of Hom{T*M x ...p... x T*M x TM x ...9... x TM, F{J^{M))) is 
defined point-wise as 

(ai,...,ap,Xi,...,Xg)^ T('^ai,..., '^a^, '^Xi,..., %) G T{4{M), 



21 



that is linear in any of its arguments, for any x ^ M and Ui G T*M,Xi^ T^M and 
withf G T^P''iU^{M). Similarly, any section w of i7om(rMx , ...p, x, ...,TM,J='{J^{M) 
is defined point- wise as 

^ ui'^Xi,..., %) e -F(4(M), 

for a unique such that it is alternate for any x £ M and Xi £ T^M and with 
u e K14{M). 

The homomorphism (j) defined by ()2.2ip induces the injection (on the image of (/>), 

'^C := (t)'^ ■■ TKP{M,F{4{M))) TAl{J^{M)). (2.23) 

In local coordinates (j2.23p is such that 

: TAP{M,HJoiM))) rA^( J*^(M)) 

0i{^x)dx^ ^9i{''x)(l)-\dx^). 

where / is a multi-index. ''(^ is well defined, independent of coordinates and is an 
algebra homomorphism, 

'=C(ai Aas) = ^=((01) A '=C(a2). 
Also, note that '^C is an isomorphism on the image. Therefore, one has that 

u,, (02 G C(rA*(M,^(Jo^(M)))) C TKl{4{M)). 



Proposition 2.27 Let ^T-Li and ^T-L2 he two connections on Jq{M). 

Proof. When one writes down ^C^i and ^(^2 in local coordinate, it does not depend 
on the connection. □ 

Remark 2.28 1. The geometric framework for the generalized fields considered 
in this work will be smooth sections of {M , T [Jq {M))) or sections of a 
given generalized tensor bundle T^P''^\M , J^{Jq (M))) , for some specific nat- 
ural number k. This will imply that when we apply the formalism to the 
electrodynamics, there are the same number of horizontal degrees of freedom 
that in the standard electromagnetic theory. 

2. Note that those tensors can be understood as weak generalized tensor or strong 
generalized tensors, as was described before. In the case that one needs to 
speak about exterior derivatives, they will be tensors. The manifold M comes 
in the game because we can define such tensor along curves or along tubes 
that contain an specific x G M. 

We can consider the following generalized tensor algebra, 

r*(M,^(4(M))) := ^eT(f'^)(M,^(Jo^(M))). (2.24) 



22 



In a similar way, one defines the generalized exterior algebra, 

n 

m,F{4{M))) ■.= ^®AP{M,T{J^{M))), (2.25) 

p=0 

with each A^(M, Jq (M))) being J^-module. The homomorphism (j2.2ip implies 
that a local frame for A^{M,T{Jq{M))) is obtained as the linear closure of a local 
frame {e/(x), / = 1, ...,dim{AP{M))} for AP(M) and with coefficients in T{Jq). 

The product in the exterior algebra is defined as 

a( ^x) A /3( ^x) = {ai{ ''x)e^{x)) A {Pj{''x)e^ (x)) := ai{ ^x) ^j{''x) (x) A e^(x). 

Given a p-form a G A^M, there is a form (/^(a) G AP(Af, Jg (M))) such that for 
{Xi, ...,Xp) C rrM is defined by (^(a)(Xi, Xp) = a{Xi, Xp). Therefore, one 
can establish the homomorphism of vector spaces 

^ : APM AP(M,^(4(M))), ip{a)u{X,,...,Xp) = a^{Xi, Xp). (2.26) 

The value ip{a)u{Xi, ...,Xp) is constant along the fiber \/u £ ^^^{x). We will prove 
in later sections that if is an isomorphism of real vector bundles. 

2.6 Generalized metric structures 

The first relevant type of generalized tensor that we consider in some detail is the 
notion generalized metric g. For the purposes of this paper it will be understood as 
a weak generalized higher order tensor. However, we star with the following 

Definition 2.29 A generalized metric g is a section g £ VTj^''^\j^{M)) under- 
stood as a week generalized tensor such that: 

1. It is smooth: given a curve x : I — > M and a lift ^x : I ^ Jq{M), for 
any two smooth vector fields Xi, X2 along ^x : I ^ Jq{M), the function 
g{''x){Xi,X2) ■ I — > R is smooth, except if g{''x){Xi, X2) = 0. 

2. It is homogeneous of degree zero: if^x : I ^ M has local coordinates {x^{s),x^{s),x^{s)...), 
then 

g{x^{s), Xi^'{s), Ax^(s), A (x^'^) (s)) = Xg{x^{s),x^'{s),S:^'{s), ... (x^'^Hs)) 

(2.27) 

for all A > 0. 

3. It is a symmetric form in the sense that g{^x){Xi, X2) = 9{^x){X2, ^1) for 
any smooth pair of vector fields Xi,X2 along 2; : / — t- M. 

4. It is bilinear, 

gCx)iX, + fi'x)X2,X3) = gi'x)iXi,X3) + fCx)gi'x)iX,,Xs), (2.28) 

with Xi, X2, X^ vectors fields along the curve ^x : I ^ Jq{M) and f G 
H4{M)). 
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5. It is weak non- degenerate in the following sense: if the condition 

5(M(X,Z) = 0, (2.29) 

holds for any horizontal smooth vector field Z along any curve : I ^ 
Jq{M), then the horizontal field X = 0. 

Given a generalized metric, there is defined a generalized a bilinear form g^ at the 
point u G ''tt~^{x), 

gu -.T^M X T^M — > R 

{Xi,X2)^ gu{''Xi,''X2) 

such that is positive homogeneous in the sense that gu{ay,ay) = a'^ g{y,y) for any 
a G R'^ and symmetric. Then following proposition I2.26t it is possible to interpret 
a generalized metric J-{Jq{M)) as the bilinear form 

g:TM X TM ^ R (Xi, X2) ^ g«( '^Xi/Xa). (2.30) 



Proposition 2.30 The generalized metric g E FT^ ' Jq{M) has associated a unique 
section g G T T^'^'^\M, T{J^ (M))) such that 

1. g is smooth in the sense that for all Xi,X2 smooth vector fields along the curve 
X : / — 7- M, the function g{Xi,X2) is smooth except when it is zero. 

2. R is homogeneous of degree zero: if^x : I ^ M has local coordinates {x^{s),x^{s),x^{s)...), 
then 

5(x^(s), Xi^is), Ax^(s), A(a;W (s)) = 5(x^(s), (iotx^(s), x^(s), {x^''^ (s)) 

(2.31) 

for all A > 0. 

3. g is symmetric, in the sense that 

g{Xi,X2)=g{X2,Xi) 
for all Xi, ,X2 smooth vector fields along the curvex : — > M. 
4- R is bilinear, 

g{Xi+ f{^x)X2,Xs) = g{Xi,Xs) + fCx)g{X2, X^), 

for all Xi,X2,X3 arbitrary smooth vector fields along x : I ^ M and f G 
-F(M). 

5. R is non- degenerate, in the sense that if g{X,Z) = for all Z smooth along 
X : I ^ M, then X = 0. 
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Proof. By proposition \2.26\ it is enough to show the above properties one by 
one from the definition 12.291 For instance, we check the non-degeneracy condition. 
The other properties follow using similar calculations. If g is non-degenerate, then 
g{X,Z) = g{h{X),h{Z)) = for ah Z E TTM implies that, since h : T^M — > 
is an isomorphism of real vector spaces, X{x) = at any x £ M. □ 

Example 2.31 1. A relevant example that will appear in later sections is a gen- 
eralized metric of the form 

gCx) = XCx)r]{x), (2.32) 

with A a positive, homogeneous of degree zero element of J-{Jq{M)) for some 
fixed positive integer k and t] the Minkowski metric, with ^x : I ^ Jq{M) the 
lift of the curve x : I ^ M. 

2. Generalized metrics are provided by Finsler structures [2|- In this case the 
vertical hessian gij{u) of the Finsler function F is smooth on TM \ {0}. This 
example is of positive signature. 

A particular interesting case corresponds to generalized metrics of the form (|2.32|) . 

giu) = X{u)r]ix), x= M^) C ^(M). 

where rj is a Lorentzian metric on M. The exact form of the conformal factor A will 
be elucidated later in the context of geometries of maximal covariant acceleration. 
Therefore, the bilinear form g is not a (pseudo)-Riemannian metric, since A is not 
a function on M but a function on Jq(M). In particular, we assume that A G 
J-{Jq{M)) is invariant under local transformations of coordinates on 

Given a curve x : I ^ M and a vector field W along the curve, when the signature 
of g is (—1, 1, 1) one can define a bilinear, positive definite, symmetric form g G 
rT(°'2)(M, J"(Ji^(M))) such that along the curve 

g+{X,X){u) = g{X,X){u) -2^-^^^{u), g{W,W) > 0, (2.33) 

with u = ^x{s) G Jq{M), X G TTM. For a generalized metric of the form g = Ar/, 
the bilinear, positive form 12.33) is 

g+{X,X){u) = X{u)r]+{X,X){x), g{W,W) > 0, n G Jo(M), X G TTM, 

with 

n\X,W),^, 



ri+{X,X){x) = v{X,X){x) 



i]iW, W) 



Both generalized Riemannian metrics 7/+ and g+ can be used to provide a definition 
of length along the curve x : / — t- M. 



*In order to simplify the treatment and the calculations, we are considering flat space-time in 
the sense that rj is flat. Therefore, rj is Minkowski and A/ is a flat domain of R" of dimension n. In 
physical applications the action of the Lorentz group as transformation group is the standard one. 
For n = 4, the factor A will be proved that is Lorentz invariant. 



25 



2.7 Isometries of generalized metrics 

Let ip : Jq{M) — > Jq{M) be a diffeomorphism and denote the tangent map by 
V'* : TJ^{M) TJ^{M). Then one can define the fohowing homomorphism 

V,o(?/;,)|„o ^X, 

with ^'k{u) = X. 

Definition 2.32 An isometry of a generalized metric g is a diffeomorphism ip : 
Jo^(M) — > 4{M) such that on any arbitrary curve x : I ^ M 

g,,iXi,X2) = g^^k,){MXi),MX2)), (2.34) 

for any two vector fields along x : I ^ M . 

One can define similarly local isometries. 

It is clear that the set of isometries Iso{g) of the generalized metric y is a subgroup 
of the group of diffeomorphism Dif f{jQ{M)). 

Example 2.33 Isometry groups of some generalized metrics 

1. Isometries of the metric of type g{^x) = \{^x)r]{x). Let Iso{g) be the group 
of isometries of g^ and let iso{\) the group of diffeomorphisms such that 

iso{\) := {V' : ^(M) — > Jq (M), s.t A o -0 = A } . 

The isometry group of rj is Iso{if). Then one can write 

Iso{g) = Iso{ri) n iso{X) x V 

with D is the multiplicative group of dilatations. From such distinction is 
obvious that iso{X) C Iso{rj) and that it is a subgroup of Iso{r]). However, 
given A( ^x) = a fixed, the transformations such that X o tp = a form a close 
subgroup of all diffeomorphism Iso{r]). Therefore, Iso{rj) is closed and Lie 
group. In particular, we are interested in the case when A is invariant under 
Iso{rf). In that case, one has that Iso{r]) n iso{X) = Iso{rj). On the other 
hand, the elements D are such that X{^x) i— )■ /('^x)A('^) and rj{x) ^ rj' = 
f~^{^x)r]{x). If r]' must live on M, then / is a dilation. 

2. Isometries of a Finsler metric. In this case, the group of isometries is a Lie 
group [18]. In particular, the group of transformations that preserve the Finsler 
function F (see [2j for standard notation in Finsler geometry) coincides with 
the group of transformations that leave the Finslerian distance invariant. They 
also prove that the group of isometries is a differentiable manifold and a Lie 
group. 

It could be very interesting to know when the group of isometries of a generalized 
metric is a Lie group. 
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2.8 Generalized g-dual isomorphism 

Let us consider the pull-back bundle 

^T^*TM TM 
pi 

Then a generalized metric g(u) (without "hat" from now on) can be understood as 
a flat metric along the fiber Pi^{u) C '^ir*TM. This fiber metric is determined by 
its action on the pull-back of the local frame on M 

f7r:(ei(x)),..., *^7r:(e„(x)), e,(x) G TTuM}, 

and in such frame, the fiber metric has components 

9iu)ij := g\ui''Kieiix)), ''<(ej(a:))). 

In a similar way as in the pseudo-Riemannian case, one can diagonalize the metric 
component matrix gij{u = ''x{s)) along x : I ^ M using Gram-Schmidt procedure 
at each point. The difference with the Gram-Schmidt for pseudo-Riemannian man- 
ifolds is that the matrix of the transformation lives on Jq (M). In such orthonormal 
frame 

{gu{^'i^*ei{u),'K*ej{u))) = diag{- 

in Pi^{u = ''x(s)) C ^TT*TM holds. Therefore, the projection p2 provides a local 
frame {p2{^TT*ei{u))^ p2{'^'K*en{u))} along the curve x : I ^ M such that the 
generalized metric g{x{s)) is diagonal, 

9u{ei,ej) := g{u)ij = 6ij. (2.35) 

The inverse of the matrix g{u)ij has components g{uy^ and determines an element 
of rr(2'0)(M,J^(Jo^(M))) which is non-degenerate and symmetric. The raising and 
lowering indices operations are defined using g~^ and g (if anything else is specified). 
g~^ denotes the inverse matrix components of g, so fixed a frame on M, one obtains 
g'^ = {9~^y^ ei (g) ej such that [g'^f^ gij = 5}. 

The generalized metric g determines the isomorphism, 

g : rr(i'°)(M,jr(M, Jo^(M))) rr(°'i)(M, jr(M, Jo^(M))), X ^ X ■- g{X,-). 

(2.36) 

In similar way, the generalized tensor g~^ determines the following canonical iso- 
morphism, 

g-' :TA\M,T{M,J^{M))) ^rT(^'^\M,T{M,J^{M))), u ^g-\u,-). 

(2.37) 

and a lowering index operation 

K : Tk\M,F{4{M))) rT(^''\M,T{J^{M))), K{a){u,X) := a{g-\u , ■) , X) , 

(2.38) 

with X G TTM, a G rA'^{M,jr{J^{M))), uj G TA^{M,F{J^{M))). 
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2.9 A generalized star operator 



We will follow the treatment for instance in [26] . The generalized metric g determines 
a Hodge operator -kg on the algebra 

n 

AP{M,T{J^{M))) := J]©AP(M,^(4(M))) (2.39) 

p=0 

in the following way. Let {e^{u), i = 1, ...,n} be a local, orthonormal frame respect 
of g defined as before. The Levi-Civita symbol is denoted by eji...j„- Then the -kg 
operator on AP{M,T{J^{M))) is the J"( Jo^(M))-multilineal map determined by the 
image on the elements e*^ A • • • A e*'' , 

: TAP{M,T{J^{M))) rA"-f(M,^(4(M))) 

(e'^i'^x) A • • • A e'^i^x)) ^ ej,,„j„g''^' ■ ■ ■ g'^^^e^^+^{^x) A • • • A eJ"('=x) (2.40) 

and then it is extended to an arbitrary generalized form 

a = ai,....,^{^x)e''{^x) a • • • A e^^^x) G KP{M,F{4{M))) 

by the multilineal property [26] . 

*a(^x) = an....i^(Meji...i„5''^' • • • g'^^^e^^+^{^x) A • • • A e-'"(^x). 

By direct computation in a orthogonal frame, one easily proves the following gener- 
alization of the Hodge star operator, 

Proposition 2.34 

* *a = (-l)P("-i)+^(s)a, a G AP(M,^(4(M))), (2.41) 

where s{g) is the signature of the generalized metric g. 

If M is 4-dimensional, the -kg operator on 2-forms is invariant under conformal 
transformations of g. Therefore, when acting on an ordinary differential 2-form on 
M, the operators -kg and operators determined hy g = Xrj and r] respectively 
coincide. 

2.10 Length and proper time associated to generalized metrics 

When the generalized tensor g is positive definite, a distance function on M is defined 
in the following way. Let x : [cJi, cr2] — t- M be a smooth curve. Then the length x{a) 
is 



0-2 
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Definition 2.35 Let M he a connected manifold. The distance function between 
two points p, q £ M is defined to be 

d{p,q) = inf {L[x], x{ai) = p, x{a2) = q]- (2.43) 

Given a point p and a submanifold N ^ M , the distance between p and N is 

d{p,N):= ini{d{p,q),q(^N]. (2.44) 



The notions of boundness, metric balls, completeness etc... can be extended from 
Riemannian metric geometry to this generalized setting. 

If g is of non-definite signature, the standard notions of causal curves can be 
transplanted in complete analogy from Lorentzian geometry For instance, there 
is a well defined notions for causal curves: 

1. A vector field X £ TTM is timelike if giX,X) < 0. A curve x : I ^ M is 
time-like if the tangent vector field is timelike. 

2. A vector field is lightlike if g{X, X) = 0; a curve on M is lightlike if the tangent 
vector field is lightlike. 

3. A vector field X S TTM is space-like if g{X,X) > 0. A curve on M is 
space-like if the tangent vector field is space-like. 

The proper-time of a non space-like curve is 

L[x]=: J \j-9\^x{s){^.^)da. (2.45) 

The Lorentzian distance between two causal connected points (that be connected 
by a non space-like curve) is 

d{p,q) = sup{L[x], x(cri) = p, x{a2) =q]. (2.46) 

The proper-time parameter along a non space-like curve x : [o"i,<T2] — )• M is the 
function 

The notion of length of a curve in the positive case and of proper time in the 
Lorentzian case have geometric meaning, 

Proposition 2.36 Given a generalized metric structure {M,g), the The Weirestrass 
functional acting on an arbitrary curve x : [cri,c72] — ^ M, 

W[x] =: £ y|5h.(.)(^,^)|da, (2.48) 
is independent of the parametrization. 
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Proof. It is a consequence of the homogeneity condition of g. □ 

As in the standard Morse theory, the investigation of the critical points of the 
functional (j'2.48p can be performed by standard techniques of analysis and can bring 
important information on the local and global properties of geometric spaces. 

Given a non spacelike curve x : I — ?■ M, the proper time (or arc-length function 
s{x{a) in the positive case) r[x(c7)] depends only on the point x{a) and the initial 
point x((Ti). Therefore, one can use t((t) as a parameter of the curve. 

Example 2.37 1. Let us consider the generalized metric g{^x) = X{^x) rj{x), 
with rj a Lorentzian metric. Then if A is re-parametrization invariant, g is 
re-parametrization invariant too and the proper-time (or arc-length) is also 
re-parametrization invariant. 

2. The fundamental tensor of a Finsler spacetime structure [3] is homogeneous of 
degree zero. Therefore, the fundamental tensor in a Finsler spacetime 

is homogeneous of degree zero. When one evaluates the tensor g on each curve 
X : I ^ M one has defines a generalized metric g{x,x). The the proper time 
parameter is reparameterization invariant. 

Let g be of Lorentz signature (—1,1,1,1). For generalized metrics of the type 
g = Xrj, with (M, r]) a geodesic complete space-time and A bounded on M, the 
causal theory of r/ and g are related. For instance, it is not difficult to see that 
the notions of global hyperbolicity for (M, g) and (M, rf) coincide. A notion of time 
orientable is natural in this case. 

2.11 Cartan calculus for generalized forms 

In this subsection we generalize the fundamental notions of Cartan calculus for 
generalized differential forms viewed as sections of AP(M, J^( Jq (M))). 

The inner derivative of the exterior algebra AM, 

ix ■■ TA^M — > FAP-^M, APM B ixa£ AP-^M, 
with X G TTM and defined as 

{ixot){Xi, ...,Xp^i) = a(X, Xi, ...,Xp_i) 
can be extended to generalized forms. 

Definition 2.38 Given the algebra of generalized differential forms AT{M,T{Jq{M))) 
and X G TTM . Then the inner derivative is 

IX : rAP(M,.F(4(M))) TAP~\M,J^{J^{M))), a ^ iux^Ca. (2.50) 



Proposition 2.39 The basic properties of the interior product also hold: 
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1. It is linear, 

ix{ai+ f{x)a2) = ixai + f{x) lx f{x) a2, ai ^ TKP^4{M),f ^ T{M), 

2. For every X G TTM, /,x o a = 0, Va G T Kp{M,T{J^{M))). 

3. It is an skew-derivation; for any ai G TKP^{M,F{Jq{M))), i = 1,2, 

iX (Ol A a.2) = A 0:2 + ( — 1)'''^ Oil A Ux Ol2- 

4- It is zero when acting on sections 0/ F A'^(M, Jq (M))). 

Proof. For the linearity the prove is a direct computation, 

ix{ai +f{x)a2) = ''C^ Lhx''C{ai + /(x)a2) 

= \-\nx{'Cai+''Cfix)'Ca2) 
= (^'.x'C«i + 'C/(x)^.x'Ca2) 

_ k/—l, k^- , k^~l f/\ k^~l , k 



i^xai + f{x) ix f{x)a2. 



For the second property, 



^ k^—l , k/-k/ — 1 , k/- - 

= Q ihxihx Qa 
= 0. 

For the third property, if a G Kp^{M,F{J^{M))), 

Lx{ai A Q2) = ihx '^C (ai A 0.2) 

= ^C^ ihx{''Qal^ ^Ca2) 

= [iHx''Cal^ \a2 +(-ir ''Cai A lhx ^0^2) 

= ix 0.1 ^ a2 + (-1)^^ ai A ix ot2- 

Similarly, the proof of the last property is a direct calculation: if a G IsP{M, T{Jq{M))), 

IX a = \-\inx\a)=\-\^) = ^. 

□ 

Proposition 2.40 The definition of the inner derivatives \2. 3^) is equivariant. 

Proof. Given two horizontal distributions ^iki and ^712 as in theorem \2.H\ there are 
two definitions of inner derivatives of generalized forms, 

knj ^1, ^ k/- - knj ^2, - k/ — 1, k/- — 

rt-l =^ ix Oi = Ci iHx Cl Ck) 'T-2 =^ ix Ol = (,2 ih2x S20i. 
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Comparing the two inner derivatives, 

1, ^ 2, - k/—l, k/- - fcA-1, /CA - 

k/ — 1/ , fcA - k /- k/ — 1, k /■ — 

= Ci yL-hix Cia- Ci C2 '^h2x Q2a 
Using local coordinates, one can see that ^Ci ''(2^ = Id. Therefore, 

1 - 2 - k ^—1 f k —\ k /■ — 

ixa - ixOL= Ci y^Hx Qiot]-'^f^2x C2a 

On the other hand, ^^X — ^"^X = V is vertical (the easiest way to check this is 
using local coordinates). Then one gets 

Q2(^^X,-) - aii^'X,-) = ai(^^X,-) - a2{'''X,-). 

By the equivariance of C,, one has that ai{^^X,-) = a2{^^X,-), that proves the 
result. □ 

The generalization of the exterior differential operator d on smooth forms over M 

d : TK^M — > TAP+^M 

to sections of XP{M,T{J^{M))) can be introduced in the following way. We are 
looking for a J'{M) anti-derivation of the algebra A(M, Jq (M))) of degree 1, 

di ■.TAP{M,T{J^{M))) ^VKP+^{M,F{J^{M))) 

Let us consider the exterior derivative on the jet bundle Jq{M) 

dj : rAP(Jo^(M)) TKI^\J',{M)). (2.51) 

Let us consider the horizontal component 

hk{dj^ Co). 



Definition 2.41 We define the following homomorphism 
di ■.TAP{M,J^{jI^{M))) ^TKP+^{M,F{4{M))) hk[dj^Ca). (2.52) 

In order to prove some basic properties of ^4 we will need the following 
Lemma 2.42 The isomorphism \2.2M implies the relations 

1. For any p +1 vector fields Xi, Xp^i vector fields on M , it holds that 

''C'kidj\a){Xi,...,Xp+i) = hk{dja)C'X,,..., %+i). (2.53) 

2. For any form a Ap(Jq(M)) andp+1 vector fields Xi, Xp^i vector fields 
on M, 

djhkai'^Xi,..., %+i) = iikdjai'^X,,..., %+i). (2.54) 
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Proof. The first property is direct from the definition of the homomorphism The 
second property requires Cartan's formula for the exterior differential dja, 

P+i 
1=1 



+ {-iy^'-''&i[VXj], '^Xi,..., ^Xi,..., (2.55) 
Note that hk is linear. Therefore, 

P+i 

dj{hk{a))CXi,..., = Y.{^iy+"'Xi{hka{''Xi,..., ''Xi,..., %+i)) 

i=l 

p+l 

Note that ['^Xi, ^'Xj] - ^'[Xi,Xj] is a vertical vector field. Therefore, 

hkOi{['^Xi, '^Xj] — '^[Xi,Xj], '^Xi,..., '^Xi, ...'^Xj, '^Xp+i) = 
and since are horizontal, 

p+i 

= ^(-1)^+1 '^X,((/ifea)('^Xi,..., ^Xi,..., %+i))) 

i=l 
p+l 

p+l 

= J2 (-1)'+' ''^^(^ ( '^^i' '^^i' %))) 
j=i 

p+l 

+ {-iy^'^'hka{''[Xi,Xj], ^X^..., ''Xi,.. 

*j=i 

Note that since 

djiaC'X,,..., ^Xi,..., ^Xp)){^Xi) = {^Xi) ■ (dC^Xi,..., '^Xj,..., 

Cartan's formula can be re-written as 

P+l 

j=i 

P+l 

+ Y "^1,-, ""x^,..., 



33 



Now we compute the right hand side of ()2.54p . Since hk is hnear, one has that 

P+i 

1=1 

P+i 

+ ^ '^xi,..., ^x;,..., ^x;-,..., 

Each of the first terms can be compute as 

hkdj{aCx,,..., ''X,,..., ^Xp+i))CXi) = dj{aCXi,..., ^X^,..., 

As before we use that [^Xi, ''Xj] - ''[Xi,Xj] is vertical. Therefore, 

p+i 

hkiY. {-^y^'^\hka){[''Xi,^X,], ^Xi,..., ^X,,..., 
P+i 

= J] (-ir+^-+i(/ifca)('*[X„X,], ^Xi,..., ^X;,..., ^X;-,..., 

= E {-ly^'^\»){''[x^,x,], ^x,,..., ^x,,..., 

Gluing all together, 

MjaC^^i,..., '^Xp+i) = Ei=i (-ir+'MjCaC^^i,..., '^Xp+i))(^X,) 

^^1,-, 

This fact proves the second property. □. 

From the prove of lemma 12.421 one obtains an explicit formula for the exterior 
differential d^a G AP+^(M, Jq{M)) acting on p + 1 vector fields Xi, Xp+i on M, 

d4a(Xi, Xp+i) = (-1)^+1 '^XiCa ( ^Xi,..., ^X^, 

i=l 
p+1 

+ ^ (-ir+^-+i(/.,a)(''[X„X,], '^Xi,..., '^X,,..., '^X,,..., 



The operator ^4 is related with the exterior covariant derivative Dk-^ 

{Dkniv){X,,...,Xp+,) := {djuj){''Xi,..., 

P+i 

= (-ir+i 6j ( '^Xi) • ( '^Xi, '^X^, 

i=l 

p+1 

«j=i 

w G rAP(Jo^(M)). 
Indeed, on has the following. 
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Proposition 2.43 Given alpha £ AP{M,T{M, Jq{M)), then it holds that 

diO. = Dk-^a. (2.56) 

The exterior covariant derivative is not nilpoten in general. However, since the form 
'^Ci'^) = a £ ^^{Joi^)) is horizontal, and the curvature vector field 

R{X„Xj) := [''Xi, - ''[Xi,X,] (2.57) 

is vertical, one has that when applied to a, Dk-^ oDk-^a = 0. This result and others 
are formalize again in the following 

Proposition 2.44 The exterior differential operator \2.5S\ has the following proper- 
ties: 

1. It is linear, 

di{ai +Aq2)= dA{ai) +\d4^a2, ai £ T AP\JI^{M), X £ R, 

2. It is an skew- derivation; for any en G TKP'-{M,F{Jq{M))), i = 1,2, 

d4 (ai A 02) = (i4 ai A Q2 + (—1)^ ai A d^ a2- 

3. Acting on an arbitrary function f G T{Jq{M)) = T hP {M T {Jq {M))) is ex- 
pressed in local coordinates as 

d,{f)= ^rf4X^ f£T{J^{M)). 

4. It is 2-steps nilpotent, 

didia = Q, 'ia£ T XP{M,F{4{M))) (2.58) 

Proof. The first property is an easier calculation, completely analogous to the proof 
of the linearity of the interior product, except that A is a scalar. 

The second property follows from the following calculation. If ai , 0:2 G TAP{M, F{Jq {M))), 
then 

di{ai A 02) = ^C^'dji^Qiai A 02) 

= \-^(hk{dj\{a^)) A \{a2) + {-If A k{dj '({^2))) 
= ^4(0:1) A 02 +(— l)^ai A(i4(a2). 

The third property is proved using local coordinates. If (U, x) is a local coordinate 
system on M, we have that 

d4f{'x)='C'k{dj''C{f{'x))). 
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In local coordinates this relation is 



dxt^ 

After a short calculation, using /emma [2.421 one obtains 
d4 d^ai ^Xi, ''Xp+2){Xi,..., Xp+2) = ''C^ h {dj ''k ( dj ^C(a))) ( ^i, 

= hkdj{{dj''a)))i''Xu..., %+2) 
= hkhk dj dj (a)(^Xi, %+2) = 0. 

□ 

The next propositions shows the interesting property that d^ does not depend on 
the connection, 

Proposition 2.45 The exterior differential operator \2. 52\) is equivariant. 

Proof. Given to connections i = 1,2, one has two anti-derivations 

a^^^'hlidj^Ciia)) 
a^\:^^hl{dj^C2{a)). 
We compare both anti-derivations as follows: 

Hi'hl{dj\i{a)){^'X^,..., ^^Xp+^) - \:,^hl[dj^Ua)){^^X^,..., ^-Xp+^) 

- \2^hl{dj \2{a)) ( ^^X, + Fi, ^-Xp+, + 

for some vertical vector fields Vi such that ^'^Xi = ^^Xi+ Vi, i = l,...,p + 1. Then 
the first and second pieces above are, by proposition \2.26l 

'Cf'hl{dj''Ci{a))C^X, + Vu..., '^iXp+2 + V^p+i) = Ai(dja)('^^Xi,..., '^^Xp+i); 

'C2'hl{dj''C2{a))i^^Xi + Vu..., ''^Xp+2 + Vp+i) = hl{dja)i''^Xu..., '^^Xp+i). 
Note the relation 

a2 := hi {dj 02) = hi (dj 02) + V := ai + V, (2.59) 

with V a vertical p + 1-form. Since it is vertical and we need to take contractions 
with horizontal vectors, 

Wi'^'Xi + Vi,..., '^iXp+a + Fp+i) = 

and then 

\2^H{dj\^a2)){'''X^ + Vi,...,^^Xp+2 + Vp+i) = hl{dja2){'''X^,.^ '^^^p+i)- 
Again, note that ai — 0.2 is vertical, 

h\[dja2){!''X^,..., '''Xp+i) = hl{dja){'''Xi,..., ^'Xp+i) 
from where the result follows. □ 



36 



Example 2.46 A 1-form (j) G T {M , T {J^ M)) can be written in local coordinates 
as 

(j) = 4>i{x{s), X, X, x^''^) dix\ 

Then its exterior derivative is 

d^(j) = d4[(j),i{x{s), X, X, 
= d{cl)i{x{s), X, 

= dj (j)i{x{s), X, X, ...,x^^^) d^x^ AdiX^. 

From this example, it is clear that d4^(j) does not depend on the coordinate system. 
If we calculate d^ one obtains the expression 

d4{dicl)) = djdi (j)i{x{s), i, x, ...,x^^^) d^x^ A dj^x^ A d4X* = 0. 

It is natural to ask wether there is a generalization of Cartan's formula: 

Proposition 2.47 The following formula holds: 

{ix od^+di oLx){a)= ''C''hk[CHx''aa)y (2.60) 

for all a £ T AP{M,T{J^{M))), X £ TTM. 
Proof. The prove is a calculation, 

{ix od, +d^o,x){a) = T'L^x'CT'k^dj'^Cia)) + h{dj''CT' LHx'Cia)) 

= V^'.x%('^j'C(«)) + 'C'k{dji,x''Ci»)) 

= \-'h[Cnx''aa)). 

□ 

Example 2.48 It is natural to ask wether the above formula reduces the known 
case when we take k = and therefore Jg(M) ~ M. In this case, = X and 
Hq = Id. Therefore, it is clear that equation (j2.60p coincides with the usual Cartan 
formula. 

It is clear that other standard relations of the Cartan calculus can be extended to 
the algebra of generalized forms. 

2.12 Vertical volume forms 

Let us consider a connection '''H on Jq{M). We construct a vertical n/c-form 

dvolvi'^x) G rA"'^Jo^(M) 
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different than zero at each point of a local trivialization of ^tt~^{U), with U C M 
being an open subset on M. Given a system of local coordinates (x^, y^, fj, = 
1, k, A = 1, kn) on a local trivialization U x R"'^ of Jq{M), a vertical volume 
form can be constructed using a non-linear connection ^ik. and the corresponding 
covariant vertical frame {Sy^, A = 1, ...,nk} ()2.15p allows to define the local form 

dvolvCx) := w{ ^x) 6y^ A---A (2.61) 

on the trivialization U x i?"'^. 

Proposition 2.49 The volume form dvoly has the following properties: 

1. dvoly is a vertical form, dvolv{---,X, ...) = for any X horizontal. 

2. It is natural and globally defined on Jq[M), 

Proof. The first statement follows from the fact that it is constructed with vertical 
forms and the notion of being vertical is equivariant. The second property is imme- 
diate using the connection ^"H on the fiber bundle '^vr : Jq{M) — > M. □ 

Definition 2.50 Given a connection ^l-L, a vertical volume form is a section of 
K'^^J^{M) such that it is zero when evaluated on any horizontal vector X. 

Remark 2.51 The vertical volume form (j2.6ip is not equivariant. However, given 
two connections '^T^i and ^l-i2, if dvoly [\) is the vertical volume form constructed 
with the connection ^'H2 and X{2) G T'^'H2, one has that dvoly {!){..., X {2), ...) = 0. 

Example 2.52 The vertical vector sub-bundle ^iiy : — > M embedded in a 
fiber orientable tangent bundle TJq{M) admits a vertical volume form. Let 

be a fiber preserving embedding and let dvolj be a volume form on each fiber. Let ^T-L 
be a connection such that { ^Xi, ^X^} generates locally a horizontal distribution. 
Then 

(t'h^ ■ ■ ■ ''hx dvolj) (2.62) 

is a n/c-volume form on ^V. 

Examples of vertical volume form are also the following, 

Example 2.53 1. Let E = M xV , with V hea vertical vector space of dimension 
d and a basis for V {ei, ...,6^} the dual basis is {e^, ...,e'^}. A vertical form 
along the fiber is given by the exterior product of 1-forms 

dvoly = A • • • A e"^. 

Then any top-form dvoly of degree equal to dim{V) and non-zero everywhere 
determines a vertical top form on E by (tte)* (dvoly). 
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2. Let tte ■ E — > M be an orientable vector bundle od dimension n + d with 
dvolE a n + d- volume form on E. Let us also assume that [M,rj) is a flat 
pseudo-Riemannian manifold. Then there is a globally defined orthonormal 
frame {ei, ...,6^} on M. Then 

tei • • • Le„dvolE 

is a globally defined vertical volume form. 

3. An orientable fiber bundle £ with an horizontal distribution 'H£ admits a 
vertical volume form, constructed in a similar way as in ()2.50p . 

The normalization function w{^x) is defined by the normalization condition, 

/ dvolv = 1. (2.63) 

Also 



Proposition 2.54 Given the vertical volume form dvoly as in 112. 6 there is a 
local frame {Ei, Enk} such that dvoly {Ei, Enk) = 1- 

Proof. Let {Ei, ...,£'„} be an arbitrary local frame for the vertical bundle. Since 
the volume form acting on a basis is different than zero and finite, the result is 
obtained dividing by the factor dvoly {Ei, Enk) the first element Ei of the local 
frame. □ 

Example 2.55 If {M,rf) is flat, the existence of a vertical volume form on the 
bundle Jq{M) is assured. Then a global holonomic frame along the fiber ^it~^{x) is 
{gp-, ■ Qynk } cind the vertical volume form can be written locally as 

dvoly{'^x) := w{''x)6y'^,A,...,A6y'^''. 



We will consider vertical volume forms that are closed, 

dj{dvoly) = 0. (2.64) 
Closed vertical volume forms are n/c-calibration forms. 

Proposition 2.56 A closed vertical volume form dvoly onJ^^M) is a nk- calibration 
in the sense of 128^ . 

Proof. Given Tnk{x) any n/c-dimensional vector sub-space of TuJq{M). If there is 
a ^ S Tnk{u) n '^'Hu 7^ then dvoly\T„f, = 0. If Tnk = ^V, then there is a nfc- vector 
with dvoly {^nk) = 1- The result follows by linearity of the action of dvoly on 
nfe-vectors. □ 
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2.13 Cohomology of differential forms Np{M, J^{J^{M))) 

The fact that the operator ci4 is nilpotent imphes the existence of some interesting 
cohomology theories. 

Definition 2.57 A p-form a G AP(M, Jq (M))) is closed if d/^a = 0; it is exact 
if there is a {p - l)-form (3 G A^p-^\M,F{J^{M))) such that d^P = a. 

The vector space of (i4-closed forms is 

Zp{M,J^{J^{M))) := |a G TAP{M,J^{J^{M)))\d4a = o} . 
The vector space of c/ — 4-exact forms is 

BP{F{M,4{M))) •- {a G TKP{M,F{4{M))) 

|3 /3 G TKP-'^{M,F{J^{M)))s.t.dAP = a}. 

The p-cohomology group is 

HP{M,T{4{M))) := ZP{M,T{4{M)))/Bp{M,T{4{M))). 

The cohomology H*{M,F{Jq{M))) is therefore defined. The vertical compact co- 
homology of the /c-jet bundle Jq{M) is 

Hl,{M,F{4{M))) ■.={aeTAW\M,HJ^{M))) \ a, 

has compact support on each fiber '^7r^^(x) }. 

Then the compact vertical cohomology H^{M,F{Jq{M))) is defined in the usual 

way. 

A further restriction is necessary for applications later, 

Definition 2.58 Let (M, ry) he a Lorentzian manifold. Then the covariantly bounded 
k-jet bundle is the fiber bundle '^ir : Jq^ — > M 

dec X 
Joip) '■= {(a;(0), — lo, ^lo), such that 

1. The curvesx : I — >■ M, x{0) = p are smooth, 

2. Each of the covarian derivatives is bounded: \r]{D^~^x, D^~^x)\ < cj- & R^}. 
The meaning of this condition can be seen by two different examples: 

Example 2.59 1. For k = 1, this second condition is equivalent to the require- 
ment of a maximal speed. 

2. For k = 2, the second condition is equivalent to the requirement of maximal 
acceleration, dropping the requirement of maximal speed. 

Let us consider the following cohomology theory, 
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Definition 2.60 covariantly bounded compact vertical cohomology over Jq^ Let (M, rj) 

be a Lorentzian manifold and consider the fiber bundle Jq^. Then the covariantly 
bounded compact vertical cohomology is 

HP,{M,HJobiM))) := {a G TAHP{M,T{J^,{M))) 

I ttx has compact support on each fiber ^Tr~'^{x) }. 



Therefore, the cohomology theory H*^{M, T{jQf^{M))) is defined. In a similar way, 
one can consider the cohomologies H*{J^{M)), H*^{j''{M)), H*{J^^^{M)) and H*^{JI^^). 

Remark 2.61 1. Note the restriction to Jq^{M) and the associated cohomology 
H*{M,F{Jq^{M))), even for non-compact vertical forms. 

2. Each of the cohomologies H*{M,F{J^{M))), H*^{M,F{J^{M))), H*^{M,F{J^^^{M))) 
and H*{J^^{M) are in principle different. 

3. For each of the above cohomology theories, it is true the following homotopy 
invariance. If two manifolds have the same homotopy type, they have the 
same de Rham cohomoloy[6j. If instead of the Rham complex, one consider 
the complex of compact vertical forms on Jq{M) or Jq^{M), one obtains that 
a similar homotopy invariance holds. Since each section of Ap(M, Jg (M))) 
can be seen as an element of Kl{J^{M)) and a element of AP{M,T{J^^{M))) 
as an element of A^(Jq^(M)), one has an invariance under homotopy for the 
corresponding cohomologies of generalized forms, 

H*{M,T{J^{M))) ^ Hli^iM))), H*{M,T{J^,{M))) ^ Hl{j',,{M))) . 

(2.65) 

We want to relate the cohomology theory HI^{M^T{Jq^{M))) with the de Rham 
cohomology H^^(M, R). This relation arises as an application of fiber integration 
[6], which is also fundamental for the proof of Thom's isomorphism theorem. We will 
also exploit an homotopy between Jq^{M) and Jq^^{M) which implies the invariance 
of the associated cohomologies. 

Proposition 2.62 Let (M, -q) be a Lorentzian manifold. Then J^i^^M) and Jq~^{M) 
are of the same homotopy class. 

Proof. Note that since the fibers are bounded, there is a finite time contraction: 
for each point {x{a), ^y{a), '^y{a), ^y{cr)), one defines the contraction 

(x(cj), ^y(a),..., ^yia)) ^ ly(cj), ''-^y,\Cy, ^ymax)^y), 

(2.66) 

with A G [0, 1] is a contraction in finite time. □ As a direct consequence of this we 
have the following 

Proposition 2.63 Let (M, rj) be a Lorentzian manifold. Then 
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1. It holds the following isomorphisms: 

H*{J^,{M))c. H*{jt\M)). (2.67) 

2. It holds the following isomosphisms: 

HUJUm) ^ HUJtHM))- (2.68) 

Proof. We construct a homotopy between Jq^M and Jq~^(M). Since in both cases, 
H*^ and H* are invariant under homotopy, we obtain the result. □ 

Definition 2.64 Let tte '■ E — > B be a vector bundle with orientable fiber over 
with Tr^^{x) of dimension I. Then the averaging along the fiber of a I + k form is 
defined as JBjl, 

{■) : TA^+''E TA'^B, [ a. (2.69) 

Given the vector bundle tte ■ E — > B, let us consider the cohomology of the 
differential form A*{E) with compact vertical support H*^{E). Then one has the 
following isomorphism [6], 

Theorem 2.65 Let tie ■ E — > M be a vector bundle of finite type over a n- 
dimensional manifold M . Then if the dimension of the fibers tt~^^{x) is I, one has 
the isomorphism 

H*,{E) c^H*^\M). (2.70) 



As an application, we found the following isomorphism. 

Proposition 2.66 Let H*^{jQf^{M)) be as before and H^j^{M) the real de Rham 
cohomology of AI . Then 

HMim ^ H*,--\M). (2.71) 

Proof. One can apply Thom's isomorphism theorem to the vector bundle ^vr : 
Jg(M) — > M, obtaining by fiber averaging that 

hM{m))^h*^^{m). 

On the other hand, one applies the isomorphism ()2.68p for k = 2, 

HM{M)) HUJliM)). (2.72) 

□ 
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Proposition 2.67 Let {M,r]) be a Lorentzian manifold and H^^{M,T{Jq^{M))) as 
before. Then any element of [a] G Hcv{M,F{Jq^{M))) is bounded. 

Proof. Using the corresponding operator norm, one obtains the result. □ 
We need the following result, which is direct from the isomorphism ()2.66p . 

Lemma 2.68 Let us assume the hypothesis in Thom's theorem. Each element of a 
class [a] G Hcv{Jq (M)) admits a decomposition, 

\a = \^{{a)) +djA, A G A?-i(4(M)), a G [a]. (2.73) 

This decomposition is unique 

Proof. By invariance by integration along the fiber (•), one has that 

Note that for each cohomology class [a] G Jq (M)), one has that (a) = 

{(p{{a))). Therefore, by Thom's isomorphism theorem, [a] = [ip{{a))] and one ob- 
tains the relation ()2.73p . □ 

Proposition 2.69 There is the following isomorphism, 

^* : H*,RiM) H*,{M,F{Jl[M))). (2.74) 



Proof. Let us consider the homomorphism (p : TKP{M) — > TM'{M,T{Jl{M))). 
One notice that ip commutes with ^4, tp{dia) = d4^{ip{a)). Therefore, it induces an 
homomorphism in the cohomologies, 

: HIj,{M) Hl,{M,F{Jl{M))). 

(/?* is injective, which follows from the injectivity of tp. The isomorphism ()2.66p 
implies that (|2.74p is an isomorphism. In particular, the surjective property for ip is 
proved as follows. Let [a] G Hcv{M,F{Jq{M))) be a class of cohomology such that 
for each a G [a], ^4(0:) = holds. Let us define the homomorphism 

p : Hl^{M,F{4{M))) H*+^''{jI{M)), [a] ^ [a] A dvolv- (2.75) 

Then {a A dvoly) is in some cohomology class in H*^j^[M) and indeed p is an iso- 
morphism by (j2.66p . It is clearly injective. Therefore, combined with the injectivity 
of one shows that 

dim{Hlj^{M)) = dim{HP{M,F{4{M))). 

This finish the proof. □ 

As a consequence of proposition ()2.69p and the homotopy invariance of the coho- 
mology, we have that 

Corollary 2.70 Let ttb ■ B — > M be a sub-bundle of iry : V — > M with fibers 
TT~^^{x) homotopic to 7ry^{x). Then 

h:,[b)^hum,f{4{m))). 
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Also, as a consequence of (|2.72p and homotopy invariance, we have 
Theorem 2.71 There are the following isomorphism, 

H*{M,F{JUM))) ^ mRiM), i/*(M,^(4(M))) Hl^[M). (2.76) 



2.14 Integration of generalized forms 

Definition 2.72 The integral of a form a ^ T {M , T {Jq {M))) on the p- dimensional 
submanifold Mp of M is 

[ «:=((/ «)). (2.77) 

Note that since ^4(0;) = <J4> d{a) = this definition is consistent, and assures that 
the integral of the left does not depend of the boundary dMp. 

Lemma 2.73 If = a, then 

[ dia= {( f dja)). (2.78) 

JMp ^ JMp ' 

Proof. We make use of lemma [2?l2| 

\ d4a={([ hkdja))={([ dja)). (2.79) 

JMp ^ JMp ' ^ JMp ' 

□ 

There is a version of Stokes's theorem for generalized forms and an invariance 
under diff^eomorphisms of differential forms. 

Proposition 2.74 Let a G TAp^M, Jq{M)) on the p-dimensional submanifold Mp 
as before, such that ^4(0:) = 0. 

/ dia= a. (2.80) 

JMp JdMp 

Proof. One uses standard Stokes's theorem, 

a 



d^a = {{ dja]) = { a) 

^ JMp ' JdMp 



□ 



Let / : Mp — > Alp be a differential function. One can define the pull-back of a 
generalized form, 

ra(Xi, ...,Xp) := q(/,(Xi), f,{Xp)). (2.81) 
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Then one finds the following relations, 



= (a(/,(Xi),...,/,(Xp))) 
= {ra{X,,...,Xp)) 
= (ra)(Xi,..,Xp). 

Then one obtains the following invariance under diffeomorphism, 

Proposition 2.75 Let f : Mp — > Mp be a diffeomorphism. Then 

[ ra= [ a. (2.82) 

J Mr, J Mr, 



Proof. Using the above computation, one has 

/ ra = {[ ra)= [ r{a)= [ {a)= [ 

J Mr, J Mr, J Mr, J Mr, Jh 



a. 

Mr, 



□ 



3 Maximal acceleration geometry 

Let us consider the possibility that the acceleration of a point charged particle is 
bounded. This is an idea that goes back to Caianello [12] and that appears naturally 
in string theory |381 1^. From the perspective of electrodynamics, there are two 
reasons to believe in a bound for the acceleration: 

1. In extended models of the electron, for instance in Abraham and Lorentz's 
models, they are valid under the assumption that acceleration is less than a 
threshold value (see reference [35] for a discussion of those models). 

2. The existence of a maximal value for the electric field in Born-Infeld electro- 
dynamics [8] suggests that the force on a electron is also bounded in such 
theory. 



3.1 Elements of covariant maximal acceleration 

It seems natural to consider a formalism such that the covariant acceleration of a 
point particle D±x is bounded with r/, where D± is the covariant derivative associated 
to the Levi-Civita connection of r/. This is defined on the bundle TM \ NC, where 
TT : NC — > M is the null-cone bundle determined by ij. We adopt a normal 
coordinate system of r] to perform all our calculations. A covariant formalism for 
geometries of maximal acceleration is developed in |I23| . Although it was motivated 
by the problem of finding a covariant formalization of Caianiello's quantum geometry 
|12j . the formalism that we use is independent of the details of the mechanism that 
bound the acceleration and from the particular value that the maximal acceleration 
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Amax can take. In this way, the theory developed in |23] can be used in a more 
general context than Caianellos's theory. 

Let (M, T]) be a smooth region of the Minkowski spacetime. Then there is defined 
a Sasaki-type metric on the bundle TM \ NC, 

gs = rj^udx'' ® dx" + -j^Vf^u (Sy^ ^ SyA . (3.1) 

■^max 

Let us consider that a timelike curve x : I ^ M, parameterized such that on the 
horizontal lifted vectors gsi'^x, ^x) = —1 and such that r]{D±x, D±x) ^ —A^^^. 
Then the metric p.ip induces a bilinear, non-degenerate, symmetric form g along 
the lift ^x : — > TM [23], 



Theorem 3.1 Let x : I ^ M be a curve such that 

1. If the tangent vector at the point ^x is T = {x,x), then gs{T,T) = —1 and 

2. It holds that r]{x,x) 7^ 0. 

Then there is a bilinear, non- degenerate, symmetric form g obtained by isometric 
embedding e : x{I) ^ TM from {TM,gs) such that acting on the tangent vector x 
the value is 

Proof: The tangent vector at the point ^x(r) G TM is {x,x)in'^TM. The metric 
gs acting on the vector field T = {x,x) £ T(x{t),x{t))^ has the value 

gs{T, T) = U^, dx^ ® dx" + -j^Vi^u (Sy^ ® SyA ) (T, T) 

max 

By the second hypothesis, one obtains the following expression holds: 
*= fl + -ro .-. Vfiu D^x^" D±x'']ri{x,x), 

that coincides with the value {g^u dx^ <^ dx'^)(x, x). □ Acting on arbitrary tangent 
vectors along x :— )■ M, the metric g takes the value 

g{A{r), B{r)) = (r?(^, B) + — ^T^^^p;^ j • (3-3) 

Corollary 3.2 With the above notation, one has the following relation: 

gsCXi,^X2) = g{Xi,X2), (3.4) 

for any Xi,X2& TTM. 
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Proof. It is direct from T/teorem 13. H using coordinates and the duality properties 
between forms and fields. □ 



Definition 3.3 A curve of maximal acceleration is a curve x :— )■ M such that 

ri{D±x,Di:x) = Al,^^. (3.5) 

Let us assume that 

7?(Di X, Di ±) > 0. (3.6) 

Corollary 3.4 If g{x,x) < and ()3.6p holds, one has the natural bound 

0<r]{D^x,Dix) < Al,,. (3.7) 

This is the reason of the name of metric of maximal acceleration, since the acceler- 
ation turns out to be bounded by a maximal value Amax- 
Let NC be the fibered manifold of null vectors over M, 

NC:= y NC^, NC^:= {yGT,Ms.t.g{y,y) = 0}. 

x£M 

The covariant derivative D is the induced connection on TM \ NC induced by the 
Levi-Civita connection of the Minkowski metric t] as it was defined in section 2. 
Therefore, there is a global coordinates system where the connection coefficients 
7^^ yp are zero. In such coordinate system N^^ p — ^ holds and therefore D± x = x. 
In such coordinate system, = and N'^ u = 0- Therefore, the coefficients ()3. 2 p 
can be written as 

g,.{x{r)) := (l + ^^^^^^^^) dx^ ® (3.8) 

that defines an element g G rr(°'2)(M, J'J^(M)) in the following way. Given a 
curve : / — )• Jq{M), the value of g along the curve s i— )■ x{s) is g{'^x{T)) = g{T). 

Proposition 3.5 The isometry group Iso{g) contains the isometry group of r], 
Iso{rj). 

Proof. It is clear, since the metric g is constructed from the metric ry. □. 
3.2 Perturbation scheme 

Let us denote by r the proper-time parameter along a given curve x :— >• M respect 
to g. The acceleration square function is defined to be using the metric r/ by 

a^{T):= r]^pX^'iP. (3.9) 
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Since in our considerations the curves are far from the maximal acceleration condi- 
tion, a^(T) <^ ^max' it is possible to consider the following approximation: 



yi{x, x) + -2 j = \g{x, x) + {r]{x, x) - g{x, x)) H 1 

g{x, x) + 6{x, x) 
~ (^g{±,x)+ ^2 



'■max '■max 

ricrx x''{t )x^{t)' 
r]aX x''{t)x^{t) 



because the form 5 := rj—g is small on curves far from maximal acceleration condition 
one has that 

g{x, x) + S{x, x) + -2 j ^ {g{x, x) + --^ j . (3.10) 



'■max 



Remark 3.6 We will keep this approximation « A^aa; ™ the calculations 
performed in this work. This is because the function S{x,x) adds a higher order 
term in the perturbative calculations that we will do. If the approximation is not 
keep, it will be clearly stated. 

In a normal coordinate system for rj, the function e is defined by the relation 

The covariant definition of the function e requires of a non-linear connection, 

e(T) := ^niR^iI^y (3.12) 

For timelike trajectories and from the relation (|3.8p . the relation between g and r] 

g{T)= (l-e(r))r?. (3.13) 

The function e(r) determines a bookkeeping parameter eo by the relation e(r) = 
eo h{T), where 

eo = max{ e(r), r G /}. (3.14) 

For compact curves, this definition always make sense. However, we will need 
to bound the value of higher order derivatives in order to keep such parameter 
bound for non compact curves. The basis for asymptotic expansions being {eg, / = 
-co, ...,-1,0,1,...}. 

Also note that for curves of maximal acceleration the generalized metric (|3.13|) is 
degenerated, 

g{Z, Z)\a=Arr,a. = (1 " c) | a=A„„, ( 2", Z) = 0, 

for all vector field along "^x : / :— t- M. Therefore, more of our considerations will 
not be applicable to such curves. We will assume that all the derivatives (e, e, e..., ) 
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are small. In this way we stay away from the singularities of g{ ^x) corresponding 
to curves of maximal acceleration. 

The generalized metric g defines different kinematical relations than ij. Remember 
that the parametrization of the world-line is such that g{x,x) = —1. Also, let 
us assume that the monomials in powers of the derivatives of e define a basis for 
asymptotic expansions. Then we have that 

Proposition 3.7 In a maximal acceleration geometry space, the kinematical con- 
strains are 

g{x,x) = -l, (3.15) 
g{x,x) = ^r]{x,x), (3.16) 

g{xP±) + g{x,i) = + e7?(x,i) (3.17) 

and similar conditions hold for higher derivatives obtained by derivation of the pre- 
vious ones. 

Proof. The first condition holds by definition. The second relation is obtained by 
taking the derivative of (|3.15|) : 

2gf,px''xP+ -^{g^,u)i''i:'' = 0. 
From the definition of e and g^i, one has 

Therefore, 

2g^p x^xP - eT]f,^ i^^x" = 0, 

from which follows ()3.16p . The third relation is obtained by deriving ()3.16p and 
taking into account (|3.15p : 

-^{gf,u)x^x'' +gi,ux''x'' +gpux^x'' = ^(|^(^'^))' 
from which follows the third relation ()3.17p . 

g(xPx) + g{x,'x) = gf^uxf^x" + g^uX^x"" = ^(^^(^'^)) " -^i9fiu)x^x'' 



x,x 



dT\ 2 



er]{x, x) 



Higher conditions are obtained from previous ones by derivation and algebraic ma- 
nipulations. □ 

As a consequence one has the following approximate coordinate expressions, 
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Corollary 3.8 For a geometry of maximal acceleration (M,g), given the normal- 
ization g{x,x) = —1, the following approximate expressions hold: 

xPxp:= g^px''±P = -l, (3.18) 
xp := g^^p xf'iP = -\ + 0{el), (3.19) 
■VP^. _L a;pa^ - n VM^Pi n d_/er]{x,x)\ 2n 



xP Xp +iPip= g^p x^±P + g^p x^xP = — ' ) + e + O(e^). (3.20) 



Proof. From proposition 13.71 and the fact that g = {\ — e)ri, one got the above 
expressions as first order approximation on eo- □ 

3.3 Causal structure of the metric of maximal acceleration 

For the investigation of the causal cones, the metric given by the expression ()3.13p 
cannot be used directly, since the factor in the denominator r/(x, x) is not allowed to 
be zero. It is more natural to use the relation (|3.2p . where r] is allowed to be zero. 

The following proposition contains some properties of the geometries of maximal 
acceleration: 

Proposition 3.9 The null bundle of g is characterized by the following kind of 
curves: 

1. Light-like geodesies, characterized by r]{x,x) = and r]{D±x, D±x) = 0. 

2. Curves x :— >• M characterized by the condition 

7]{X, X) + -2 ) = 0. 

In the perturbative case when r]{D±x, Dx) « Amax, for metrics of maximal 
acceleration, there is a natural way to obtain the metric r] from g. Using the notation 
of section 2, let us consider the integration along the fiber, 11 

3 1/" 

{g){x,x)=-y — -/ g{x,x)dvol 

2 j2^-i(^) dvol 72^-i)(^) 

= - -p — - / (l — — )rj{x,x)dvol 

= r](x,x). 

2 

The case where — > 1 corresponds to a change in the causal structure of g to 

max 

rj: any timelike vector with the metric rj is spacelike with the metric g and viceversa, 
any timelike vector of is a spacelike vector of ij. 
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3.4 Kinematics with metrics of maximal acceleration 

Let us assume that the spacetime metric r] is flat. Then a notion of speed for the 
motion of a massive trajectory can be defined un- ambiguously as follows. First, one 
defines the Euclidean distance between two points p and q as the speed of light in 
vacuum divided by the time Tpg that the light takes to go from the point p to the 
point q. Along a timelike curve x : I ^ M the proper time from x(t) to x(t + 6) is 



\J-gixvX^xy df. 

The averaged speed between point p and point q is defined to be 

v{t) = \u^^-—^ . (3.21) 

In the case that we have a geometry of maximal acceleration {M,g), we adopt an 
analogous definition: 

Definition 3.10 Let {M,g) be a maximal acceleration geometry and let x : I ^ M 

he a timelike curve. Then the averaged speed between points x(t) and x(t + 5) along 
the trajectory x is 

v{t) = lim \ . (3.22) 

Using the formula for the maximal acceleration metric (j3.13p . one can re- write the 
average speed as 

In order to simplify the treatment, if is constant, the above expression is 
v{t) := lim — = v(t). 

^-0 A _ rr+8 1 

V J^max JT — rii_i^xt^x" 

Note that light-like trajectories for r] are also light-like trajectories for g. Also note 
that by definition, the speed of light has been considered constant and is associated 
with special null trajectories r]{x,x) =0. 

Proposition 3.11 Let {M,g) be a metric of maximal acceleration. Then 
1. Along a timelike trajectory one has that 

v{t) > v{t) (3.23) 
and equality only holds if D±x = 0. 
Direct consequences are 

Corollary 3.12 Let {M,g) be a metric of maximal acceleration. Then for timelike 
trajectories such that D± ^ timelike curves with average speed greater than 1. 
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4 A higher order generahzation of the electromagnetic 
field and currents 

In this section we introduce a notion of generalized electromagnetic fields as sec- 
tions of bundles A^(M, Jq (M))), for a integer k > that will be fixed. In this 
way, we can use the results on exterior algebra and cohomology from the previous 
section. Due to the isomorphism ()2.75p the fields can also be considered as sections 
of A^"'""'^( Jq (M)), where the homomorphism of forms is (p{a)a A dvoly and where 
Jq{M) is the jet bundle over M. 

It is well known that the electromagnetic field of a point charged particle is diver- 
gent (or ill-defined). We will assume that the singularity is of Coulomb type. Under 
such hypothesis, one can regularize all the fields, with the result that the fields that 
will appear on the equation of motion of a point charged probing particle is finite. 

The fields before we are able to regularize the fields that will appear in the equation 
of motions, the fields will only be defined on M \ {0}. The submanifold e{I) = S 
with e : / — > M corresponds to the region of the spacetime M where the total 
electromagnetic field can be divergent. It is in principle only dynamically determined 
and can happen that in some circumstances 5 = 0. However, the typical example 
that we have in mind is the case of fields generated by a point charged particle in the 
framework of Maxwell-Lorentz theory. In this case, S coincides with the world-line 
of the point particle generating the field and the singularity is of Coulomb type. 

4.1 Generalization of the electromagnetic fields as sections of higher 
order jet bundles 

As we have noted before, we will consider first a notion of fields with a singularity 
sector S. 

Definition 4.1 The electromagnetic field F along the lift is a closed 2-form 
F, G rA^(Af \ S,J-{Jq{M \ S))). Therefore, in a local natural coordinate system it 
can be written as 

F{^x) = F{x,x,x,x,...) = (^{Ff,^{x)) +Tf,^{x,x,x,x,...))dx^' Adx^y (4.1) 

with F{x) G rA^M. 
Remarks. 

1. The field F G rA2(M \ S,F{J^{M \ S))). Therefore, other related fields 
appearing in the electromagnetic theory will also need to be generalized to be 
sections of higher order bundles. 

2. (p{F) is closed, dii(p{F) = and therefore it defines an element of the coho- 
mology H*{J^{M)), 

[F] ^ [ip{F) = [ip{F) A dvolv]. 

These two ways of defining fields are equivalent and we will refer either to each 
of them as generalized electromagnetic field. 
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3. must not be interpreted physically as the world-line of the particle gener- 
ating the field. Indeed the curve x : / — ?■ M corresponds to the world-line of 
a point charged particle whose motion can experimentally observed. Compar- 
ing such trajectories and the free particle trajectories, one should be able to 
identify the electromagnetic field, through the equation of motion. 

4. The generalized electromagnetic field can be seen as map 

F -.^C ^ TK^{M\S). (4.2) 
Such map encodes the full information that one can extract from experiments. 

5. Since the field F{x) lives on M, it is clear that di{ip{F)) = ip{dF). 

Using the cohomology theory of forms on K^{M,Jq[M)) one can establish the 
following result. 

Theorem 4.2 Let F, e rA'^{M \ S,F{J^{M \ 5))), d^Fi^x) = define a higher 
order electromagnetic field. Then the decomposition is unique. 

Proof. It is a direct consequence from /emmQ [2.68l and from the isomorphism (j2.74p . 
Because the uniqueness in ()2.68p . the field F(x) := F^^dx^ A dx^ in (3.6) can be 
identified with (/?(< F >) and since if* is an isomorphism, F{x) can also be identified 
with < F > up to gauge in H'^+<^-^){M \ S,F{J^{M \ S))). This implies that 

Fix) = (F(x))+ <djA>, Ai+'="(Af\5,-F(Jo'(M\5))). 

Since {F{x)) is unique, then (djA) = 0. In detail, 

{F) = {^{{F))) + {djA) 
= {F)+{djA). 

□ 

Let us remark the following property. 

Proposition 4.3 If [F A dvoly] € Hc^'^^'''^\jI^ {M \ S) , then [F] G Hjj^{M\S). 

Proof. It is a consequence of Thom's isomorphism theorem. □ 

However, it is convenient to perform a short calculation. Let us consider ^CiF") A 
duoZy .Then 

= dj{^QF Advolv) = dj{{^Q^{F) + ^ A dvoly) 

= {''CdAiviF)) ^ dvoly +dj{\T)) 

= ^C,dA{(p{F)) A dvoly + dj{T ^ydx^ A dx'' A dvoly). 

From which one obtains the relation 

dMF) = - diT. (4.3) 
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4.2 The generalized excitation tensor G 

Definition 4.4 The excitation tensor along the charged point particle ^x is the 2- 
form G e rA2(M \ S,F{J^{M \ S))), 

G{^x) = G{x,x,x, X, ...) = {G^v{x) + E^^{x,x,x, x, ...))dx^ A dx^ . (4.4) 

Let us consider the star operator associated with g. fn this case, the field G{x) = 
Gni,dx^ A dx'^ is defined such that 

G{x) ■.= M{G{u))). 

Therefore, the decomposition in the excitation tensor is unique. Note that a equiv- 
alent description of the excitation field is 

(p{G) = G hdvolv- 

There are some advantages in generalizing the electromagnetic field in this way. For 
instance, defining the tensors T and S as differential forms allow us to perform some 
specific integrations and to use the machinery of exterior calculus in a convenient 
way. Also, it is straightforward to generalize Maxwell's equations as we will see 
later. 

We will use later the following constitutive relation 

G = (4.5) 

The choice of this constitutive relation is because we are considering that the 
electromagnetic medium is the vacuum. 



4.3 Higher order chcirge current density 

The density current in electrodynamics is represented by a d4-closed 3-form J G 
A3(M \ S,F{J^{M \ S))). This can be generalized to 

J{^x) = J{x,x,x,'x , ...) = J{x) + ^{x,x,x,'x , ...). (4.6) 

More specifically, for sources corresponding to point charged particles, the current 

density J is a distribution with support on the embedding S : I — > M. Therefore, 
one requires that the support of J also lives on the lift ^5 : / — > Jq{M). We require 
that 

d^J = 0. (4.7) 
This corresponds to a conservation of electric charge. 



4.4 Geometric description of a point chctrged petrticle and other 
charge configurations 

Let (M, rj) be a time orientable spacetime. Let us consider the set of C° and C'^ 
almost everywhere smooth curves x : I ^ M with I C R. The space physical 
world-line curves is 

C(M) := <x : I ^ M, r?(— ,— )<0, x future oriented 
I da da 
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. One point particle is described by the submanifold x{I) C M. In the case that we 
have more than one point particle, they are described by the union of the unparam- 
eterized curves describing the evolution of each of such particles. 

In electrodynamics it is useful to consider extended distribution of particles. In 
this case, the charged distributions are describe by submanifolds D C M of di- 
mension d > which are smooth almost everywhere. An example of this kind of 
description is on the theory of distributional sources |46] . However, we will restrict 
our considerations to the case where the charges are point charged particles. 

A point charged particle with world-line x : / — >• M has an associated lift : 
Ix — > Jo{M) to Jq{M). The set of hft to Jq{M) corresponds to the set of physical 
point charged particles, 

^C{M):=[^x:I^ 4{M), n{^,^)<0, x future oriented! . (4.8) 
I da da I 



4.5 Operator norms associated with generalized metrics 

In order to formalize the short distance of such singular fields in a general framework, 
let us first consider the operator norm associated with the generalized metric g of 
the endomorphism O G rT^^''^\M, T{JI^ (M))), 

||0||g:= sup{^^^,^z/o|. (4.9) 

Defined in this way, \\0\\g is intrinsic in the sense that is independent of the local 
frame or local coordinates that we use and only depends on O, the bilinear form g 
and the vector V. 



Proposition 4.5 For generalized metrics g{k^) = \{^x)rj{x) it holds that \\0\\g 

\\o\ 



' k 

w 

Definition 4.6 Given two operators Oi, O2 € rr(^'i)(M, J'(J^(M))). Then 

Oi <02 iffWOiWy < \\02\\g. 



Let us consider the isomorphism induced by the generalized metric g given by (|2.38|) . 
In particular this expression determines the norm of the generalized 2-form F G 
AHM,J^{J^{M\S))), 

\\Fh ■■= MF)h- (4.10) 

4.6 Definition of generalized electric and magnetic fields 

Given a timelike vector field W G TTM associated to an observer, the generalized 
electric field is defined in a similar way as in the standard case [5j , 

E := iwF. (4.11) 
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The norm of coincides with the norm || • \\g of the electric field 

\\E{u% = \\iwF{u)\\g = MF){u)\\g, u G K-\x). 

However, this is not a covariant relation, since the interpretation of £^ = iwF as 
the electric field depends on the local coordinate system (determined by the integral 
curves of W) . 

Example 4.7 For a point charged particle, outside the world-line S = x{a), the 
electric field corresponding to F measured in the coordinate system adapted to the 
motion of the charged point particle is 



\\Eu\\g ■= \\F\\giu) = ^, 

where r = dg{x, S) is the distance from x and S measured with the metric generalized 
metric g. 

In a similar way, the definition of the generalized magnetic field is 

B = Lw*F. (4.12) 

4.7 Short distance behavior of the electromagnetic field 

The expression of the Coulomb field for a point charged particle suggests that we 
should consider electromagnetic field F such that admits the following development 
with the distance function r = d{x, S), 

1 J 

||F||g(x) = a_2^ + a_i- + ^ afc r^ (4.13) 

where each of the functions 

tti : Jo (M) — > M,i = -2, -1, 0, 1, +oo 

are homogeneous of degree zero in r and smooth functions on Jq (M). For generalized 
fields, given a point x(cro) G S that is an isolated singularity of the field \\F\\g, for any 
small sphere S"^^^^^-^ surrounding the point x{ao) the integral one has the relation 

47rQ= / i.F (4.14) 

If one imposes that it must not depend on r for r finite and small enough, one has 
constraints on the averaged values of the coefficients, 

/ ai{''x)dn = 0,i = -l,...,oo. (4.15) 

J S'^ 

If we impose the stronger condition that the integrals along any closing surface 
surrounding x{ao) must be AirQ, one obtains the conditions 

ai{''x) = 0,i = -l,...,oo. (4.16) 

We adopt these relations as hypothesis. In this case the quantity Q corresponds to 
the total charge of the point charged particle whose world-line is the singularity S. 
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4.8 Analytic structure of the generalized electromagnetic fields 

Given a charged point particle trajectory : I ^ M, the electromagnetic field 
outside from the singularity region S can be decomposed as 

F{x,x,x/i:\...) = (^((F^(x)+ Fll{x))dx'' hdx" + F^^l\x)dx^' hdx'') 

+ {Tf;^{x,x,i,x,...) + T''^l9(^x,x,x,x,...))dxf' Adx". (4.17) 

The piece F^^^{x) corresponds here to any field which is not generated by the singu- 
larity on S. The piece Tj^t^(x, x, x, 'x , ...) and T^™(x, x, x, x , ...) are the regular and 
divergent pieces of the field (F) on the singularity region 5. -F^(x) is the divergent 
field on the world-line. 

The behavior for the divergent field at short distances is 



F^fii^{x)\\g= a^2^. (4.18) 



1 



Proposition 4.8 The following relations hold 
1. The singularity of F is such that 



a_2 = lim r"^ F = lim F*^, 



2. The singularities of T are of the form 



Then one has the relation 



limr^TC'x) = 0. 

r->0 



1 



F^,{x) = a.2^0^u{x),r^0, (4.19) 

where the tensor 9^^{x) is skew-symmetric and homogeneous of degree zero in r. 
The radiation field is defined as 

prad^k^^ ._ ^(^(^F))(^x) - F^ {x) -F^^*('=x)). (4.20) 

Following Dirac [20], for the standard Maxwell-Lorentz theory the radiation field is 
finite on the whole spacetime M. In such theory, the radiation reaction field, 

prad^^^^ _ pret _ padv ^ (4-21) 

with F''^* and F"''^^ are the retarded and advanced fields, obtained from the corre- 
sponding Lieenard-Wiechert potentials. A balance equation analysis provides the 
following value for the radiation field on the world-line x : I — )• M [20j . 

-irad 771D 4 f d'^x^ d'^Xy d^Xy d'^i 



praa _ pu _ _ 1 " -A' - _ - " -/^ (a 09^ 
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where r is the proper-time along S calculated using the metric ry and = 1]^,^ 
This field is finite. 

The higher order piece T^™ of F must be such that asymptotically 

{f;^,{x) +Tf:{x,x,x,x,...)) ^f;^,{x), (4.23) 

when r — ?■ 0. Therefore, we can assume that 

Tf:!ix,x,x,x,...) = 0. (4.24) 

This is in concordance with Dirac's result on the regularity of the radiation field. 

In the following of this paper the regular part j^gt denoted by T (and 

similarly for the regular part for S, S'"'^^). Let us consider the field generated by a 
point charged particle, which is also considered to be the absorber. If F^^* = 0, out 
from the world-line {x,x,x, 'x ...), all the fields in ()4.2p are finite and one can write 

F(x,x,x, X,...) = (i^^^.(x)+ (M+ T^,{x,x,x,x\...))dx^' Adx\ (4.25) 

The pieces which are not Coulomb fields are assumed to be analytic functions of 
the Euclidean distance to the world-line. Therefore, at zero order approximation in 
the distance to the particle world line, one can write the relations for the regularized 
radiation field (the Coulomb field does not contribute to the radiation), 

F'"'"^{x,x,x,x,...) := {Fj;f{x,x,x,x,...) + T^^{x,x,x,x,...))dx''Adx'', (4.26) 
and the corresponding 

G'™'^(a;,i;,x,x,...) := (G™'^(x, x, i, x, ...) + H^i,(a;, i, x, x, .••))c^^'' '^a;'". (4.27) 
All the fields in (|i:26]) and H^^^Tf]) are smooth on M. 

4.9 Physical interpretation of the generahzed fields 

In section 1 we motivated the introduction of the generalized fields. The main reason 
was based on the criticism of the concepts of external field-test particle. The solution 
that we provide is to substitute both notions by 

1. A notion of field that depends on the state of motion of the particle that is 
measuring the field, 

2. A higher order notion of trajectory. 

The first point above it does not only mean that the field affect the motion of the 
probing point particle, but that the probing point particle affect the field. The 
second point is necessary to reduce the order of the differential equation of point 
particles. 

The derivatives of the probing particles are bounded. This is a convenient tech- 
nical requirement, that is translate also on the fields by the dependence on the 
coordinates {^x{s)). Because of the vertical boundness condition, it is well defined 
the vertical integration operation that allows to pass from fields F{ ^x) to fields F{x) 
by integration along the vertical fibers. 
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4.10 Physical interpretation of F = (^^(F)) 

Since F(x) lives on the spacetime manifold M, it seems natural to think F as the 
standard electromagnetic field, outside the world-line S. However, this interpre- 
tation is not appropriated. First of all, such interpretation is in conflict with the 
original motivation to introduce the field F. In the framework of fields F{^x), it is 
not longer valid the notion of external field and test particle. Only in special physi- 
cal configurations when the field F — ip{F) is small compared with F (in the sense 
of the norm ()4.9p ) one can approximate the pair [F, '^x{s)) by the pair {F,x{s)). In 
such case, the language of external fields and test particles is useful to describe the 
physical phenomena. 

An alternative and natural interpretation of the field F comes from its definition as 
result of an integration along the fiber, li F = { ^C,{F)), then it can be thought as the 
expected valued of a physical measurement. In addition, the statistical distribution 
that one considers are compact distributions along the fibers. The integration is 
performed using a solution of a kinetic model |21) . In this case, one has a relation 
between kinetic theory and special calibration forms, in the sense that the solution 
of the kinetic model corresponds to the special calibration. 

5 The Lorentz-Dirac equation in the framework of higher 
order electromagnetic fields and maximal acceleration 
geometry 

In this section we derive the standard Lorentz-Dirac equation using a simple argu- 
ment due to Rorhlich. Then we reconsider the derivation in the framework of higher 
order fields. In this section, the spacetime is four dimensional and the metric is the 
Minkowski metric r/ with signature (—1,1,1,1). For instance, all the contractions 
and lowering indices operations performed in this section are done using r/. The 
parameter r is the proper time along a given curve respect to the Minkowski metric 
r]. The calculations are performed in a normal coordinate system of jy, where it has 
the diagonal form (—1, 1, 1, 1). 

5.1 A simple derivation of the Lorentz-Dirac force equation 

The Lorentz-Dirac equation describes the motion of a point charged field interacting 
with its own electromagnetic and an exterior field. In a normal coordinate system 
of ry, it is the third order differential equation 



This equation contains run-away and pre-accelerated solutions [20j, both against 
what is observed in everyday experience and in contradiction with the first Newton's 
law of classical dynamics. 

We present a simple derivation of this equation ()5.ip . This derivation is what we 
have called Rohrlich's argument |42] . This illustrates a method that we will use in 
subsequent sections. One starts with the Lorentz force equation for a point particle 




(5.1) 
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interacting with an electromagnetic field F^jy H, 

m^xP = eF^^i^ (5.2) 

where m^y is the hare mass and e the electric charge of the particle. Note that the 
bare mass renormalized already the Coulomb field divergence that appear on the 
right hand side and therefore, all the quantities that appear are finite. Both sides 
of (|5.2p are consistently orthogonal to x. If one wants to generalize the equation 
to have into account the radiation reaction, one can add to the right a vector field 
along the curve x : R — > M, 



I 




The orthogonality condition ?7(Z(r), i(r)) = implies the following general expres- 
sion for Z, 

Z^(r) = P''^{T){aix''{T) + a2x''{T) + asx''), P^y = tj^^ + Xp{t)x^{t), x^ = t^^^x". 

(5.3) 

Using orthogonality we can write oi = 0. Then using the kinematical relations 

qr^ P 'j^^ Ti ^P 'i^^Tl rv^P /y^ C\ 

'}p(T — 'ipU) ^ -^/^ — 'J; 

one obtains the relation 

ZP{t) = a2X^(r) + asCx^ - {xP ^7^^^) ±p){t). 

The term 02 i combines with the left hand side to renormalize the mass 

(mf, - a2)xP = mxP. (5.4) 

The argument from Rohrlich is completed after realizing that in order to obtain 
the Lorentz-Dirac equation, one needs 03 = 2/3 e^. The same equation is ob- 
tained if instead of searching for a term containing the whole piece a^CxP^r) — 
{xP x'^rjpa) xP){t), one requirers right hand side is compatible with the relativistic 
Larmor's law [5U1H2]. 

PUr)=\e\xPx'^r^p,){T)xP{r). (5.5) 

In order to recover this relation, the minimal piece required in the equation of 
motion of a charged particle is —2/3e^{xP xPr]pfj)xP ■ The Schott term ^e^'x is a 
total derivative. It does not contribute to the averaged power emission of radiation. 
However, in the above argument, the radiation reaction term and the Schott term 
are necessary, due to the kinematical constraints of r] |20j. 

There are some points that makes the Rohrlich argument not completely satisfac- 
tory. One difficulty is related with the structure of the vector ZP{t). In principle 

^Indeed one can use the same argument if instead of the Lorentz force one uses an external force 
orthogonal to the 4- velocity. 
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one can add pieces with higher derivatives and there is not a justification in the 
argument for the absence of such pieces. There is also the possibihty to introduce 
an additional term in the Lorentz force of the form 

yA'(r) = {B^'x'' - x^'B^){T)xP{T)l^^p. (5.6) 

The vector field B^{t) along x{t) can be arbitrary. Therefore, it seems that although 
compelling, Rohrlich's argument is incomplete and several questions arise, 

1. Why one needs to start with the Lorentz force equation? 

2. What is the origin of the additional terms like Z^^{t) or y^(r) to the Lorentz 
force in the equation of motion? 

3. Why there are not higher derivative terms? 

It is clear that one can consider an adapted (Frenet) frame to the curve. For 
curves embedded in i?" with the canonical flat connection, this method works if 
x^^^ (s)} is a frame along a; : [0,1] — > M; singularities must be treated 
individually. However, this argument still provide an insight to answer questions two 
and three before. However, question one is still quite elusive from such perspective. 

5.2 Rohrlich's derivation of the Lorentz-Dirac equation in the frame- 
work of higher order fields 

Let us consider Rohrlich argument in the framework of generalized electromagnetic 
fields introduced in section 2. In particular, the field defined by equation (j4.26p . 
when evaluated on the lift ^xi^s) of the world-line x(r) of a charged particle is 

F'''"^{x, X, X, = + T^^(a;, i, x, x , ...,x^^^))dx^ Kdx"" . 

We need to consider the following limit, 

hm + T^,(x, X, X, x,...,x«)). (5.7) 

The fact that all the fields appearing in (j5.7p are finite is because the analytic 
structure discussed in subsection 3.7. The result of such limit is the field that the 
particle described by the world-line S feel. As such, it is the responsible of the 
radiation and must therefore be consistent with the covariant power radiation law 
()5.5p . In the previous subsection we give one following solution to such compatibility 
condition, which was put write = F^(S'), T = 0. In this subsection we make 

the exercise to make F™'^(S') = and we find a solution for limfc^.,. fc^ T( '^x) which is 
consistent with (jS.Sp . The piece T^j^(x, x, x, x, ...)x'^ must be formally like Z^(s). 
Let us write a formal series for T contracted with x (using r] to down indices), 

T^,,(X, X, X, X , ..)x^ = VlXfj, + V2Xfj, + vs'x^ + ... 

The minimal choice of the coefficients in the expansion that much such compatibility 
are 

vi= -'^{e^)xfri]p^, ,V2 = 0, V3=^ie^), f fc = 0, VA; > 4. (5.8) 
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The value of vi is necessary to recover the standard radiation reaction term. The 
value of V2 is zero by simplicity, if one does not consider the divergent Coulomb field 
of the particle. Note that considering the divergent Coulomb fields it is possible. 
However, in this case everything has to be considered before taking the limit — > 
^ . Indeed, if one considers the electromagnetic mass originated by the Coulomb 
field, it will be compensate with a convenient V2 term, producing a renormalization 
of the mass, f 3 has this value in order to have x^rj^p = 0. 

Apart from the arbitrary election i^fc = 0, A; > 4, there are more extra terms that 
we can add. For instance, a term like (j5.6p it also possible to write down in the 
equation of motion. If we do this, the equation of motion has the following form 

rnxf" = eF'^^x'' + -e^ (x'^ + {xPxp)x'') + [B^'x"" - x''B'')x^ 
3 

+ {C''i'' - x^C"^)i;^ + {D/^x" - x''D'')x^, (5.9) 

with B(x ), C{x ^ X tj X ^ •X ^ . . . ) and D( X ^ X ^ X J ^ . . . ) elements of the jet bundle 

Jq{M). This equation can be written as 

mx^ = eF^'^±'' + ^ Z'' + (5^x^ - + (C'^r - x^'C'')xy 

+ [D'^x'' - x^'D'')xy. 

5.3 Rohrlich's derivation of the Lorentz-Dirac equation with max- 
imal acceleration 

Using the kinematical constraints for metrics of maximal acceleration, we can repeat 
Rohrlich's argument to obtain the Lorentz-Dirac equation. It will have a small 
modification due to the bound in the acceleration. Indeed, using the same notation 
than in section 4 and with T = Y^'^^i A, x^'^^ one obtains 

Ai=^eVip, A2 = 0, A3 = ^e2 + 0(eo), A^ = 0, VA: > 4. (5.10) 

The corresponding modified Lorentz-Dirac equation is 

mx^ = eF'^^x" + (x^ - {x^ x" rip^)xP) + O(eo), (5.11) 

with F^ y := ij^^Fpij. Therefore, at leading order, the equation that we obtain if the 
geometry is of maximal acceleration but with ordinary fields is formally the Lorentz- 
Dirac equation. We have not considered the electrostatic contribution to the mass 
coming from the Coulomb field. If one wants to consider such contribution and use 
a renormalization procedure one needs A2 7^ and then use a renormalization of the 
mass to eliminate the divergence that appears. 

6 A equation of motion of a charged particle interacting 
with generahzed electromagnetic fields 

6.1 Derivation of the equation of motion 

In this section we obtain a relativistic dynamical model for particles with concen- 
trated charge. The evolution of the particles will be described by second order 



62 



differential equations compatible with Larmor's covariant formula ()5.5p . The fact 
that we impose the requirement of being a second order differential equation is one 
of the main differences with standard approaches to the electrodynamics of classical 
charged particles, in particular with the Landau-Lifshitz model. In such model, one 
finds an equivalent second order differential equation from a third order differential 
equation. 

Let us assume that the spacetime metric is of the type of the maximal acceleration. 
One motivation to consider such metrics is that they provide a natural perturbation 
parameter. We will perform our calculations in a normal coordinate system of r/. 
The metric ij is globally constant and therefore N^^ u = 0. Also, let us assume that 
the physical trajectory of a point charged particle is a smooth curve of class such 
that g{x,x) = —1, x'' > and such that the acceleration field is bounded from 
above. Using the generalized tensor fields introduced in section 2, one obtains the 
following general form for the differential equation, for analytical extensions 

Now we use the hypothesis that to first order on eo, Rohrlich's argument implies the 
Lorentz-Dirac equatioijf]. This implies that we will have the expression 

mfc = eF^'^+ {B^'±^ - x^5^) x" 

+ {Ci'i^ - x''C^)x'' + (D^x^ - x''D^)x'' + 

and with Fif := g^^Fp^j = ij^^^Fp^. On the right hand side of the above expression all 
the contractions that appear in expressions like (yB^Xy— x^B^^x'^, etc, are performed 
with the metric g instead of the Minkowski metric 77. The term 5m x^ corresponds 
to the electrostatic mass due to the Coulomb force [30]. The other terms come from 
the higher order terms of the expression ()4.2p of the electromagnetic field. 

The general form of a /c-jet along a smooth curve x : — )■ M implies the relations 
B^'{s) = pi x^{s) + /32 x^(s) + /Jg x^'is) + /34 "x^is) + • • 

D^is) = 6i x'^(s) + 62 x^(s) + 53 x^is) + 64 'x^'is) + ■■■. 

Note than in principle we can add higher derivative terms. However, the treatment 
of them will be the same than the fourth derivative term and eventually all of them 
will vanish. Therefore, one obtains the following expression 

nibxf' = {{l3i±^'{s)xy + I32xf'{s)xy + P3X^{s)xy + /34 x'''(s)x^)x^ 

- iPiXuis) + (32Xu{s) + /33X^{s) + /34'x'^(s))x^)i'' 

+ {{jix''{s) + J2X^{S) + 73'i'^(s) + 74"x^{s))x^)x'' 

- {'jix^is) + 'y2 x^is) + js'x^is) + 74 x'^(s))x'')x'' 
+ {{dii^is) + 62x''{s) + Ssx^is) + 64'x''{s))x^)x'' 

- {5ix„{s) + 52X^{s) + ds'x^^s) + ^4 'x',,(s))x^)x'^. 

^Strictly speaking, this not necessary. One can do the same analysis without mention Lorentz- 
Dirac equation and just follow Rohrlich's argument for the above general expression. 
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Let us assume that there are not derivatives higher than 2 in the differential equation 
of a point charged particle. One way to achieve this is to impose that all the 
coefficients for higher derivations equal to zero, /3fc = 7fc = 6k = 0, k > 3 and 
13 = 63 = 0. With this choice and using the kinetic relations for g, one obtains the 
expression 

mbx^' = -hx^ + /33 x^' - ^/^a ex'' - (-a^(r) + ^e)x^'. (6.1) 

The differential equation governing the motion of a charge particle must be of second 
order and compatible with power radiation formula (|5.5|) . Therefore, if e(r) is different 
than zero, one obtains the relations 

/?2= \e^a\s)\, (6.2) 
(3k = 0, Vfc > 3. (6.3) 

Therefore, considering the leading terms in eg we obtain the differential equation for 
a charged particle in a higher order field in the case that / and [A^^^)~^ / 0, 

2 2 1 

ruhx^ = -e^a^{s)x^- - {s) - x^^ . 

There is a re-normalization of the hare mass. For e 7^= one obtains 

2 1 

mfe + - a^(s) - = m, e / 0. (6.4) 

o 6 

If we add an external field y interacting with the particle, we find the differential 
equation 

mx^ = eF^ yi"" -\e^r]p^xPr x^, F^y=gP''Fpy. (6.5) 

In the case a} = 0, we postulate the same differential equation, which is equivalent 
to Newton's ffist law. 

One can express the equation of motion ()6.5p in a covariant way as 

~ 2 2 

mD±x= eLxF{x{s)) --e ri{D±x,D±x), (6.6) 

where D± is the non-linear covariant derivative along X = (i;,0) G Tj-^.^^) ,i.(j,))TM \ 

NC and ixF — g ^{l±F, •). We postulate that (j6.6p is the differential equation that 
the particle follows. 

Remark 6.1 1. Note that /Ss is multiplying a factor x'* — (a^)x'^. The implica- 
tion of this fact is that in our scheme, going to third order budles implies the 
Dirac's theory. However, we have seen that with the requirement of maximal 
acceleration, only A; = 2 is need to obtian a second order differential equation 
compatible with the power radiation formula. 

2. Note that the derivation of equation ()6.5p is not valid when e is zero. A 
separate discussion is necessary of that case. 
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6.2 General properties of the equation (16. 5p 

Let us consider a normal coordinate system for r] in the next three subsections. 
Let us multiply equation ()6.5p by itself and contract using the metric g. Using the 
kinetic relations of proposition 13.71 one obtains 

= (1 - 6) e2 p xPF'^ ri,, + (1 - e){^ e^f {a^f 
- 2e'^e''F%xfx''{l-e)7]p, 

with the magnitude of the Lorentz force Fl given by 



Proposition 6.2 For any curve solution of equation (|6.5|) one has the following 
consequences, 



1. The Lorentz force is always spacelike or zero, 



Fl >0. 



2. In the case the Lorentz force is zero, the magnitude of the acceleration is zero, 

Fl = ^ a'^ = 0. 



Proof. One can re-write the above expression as 

Fl= {le')'ia'f+m'a\ (6.7) 

from which follows the result. □ 
Therefore, one has the expression for u 



/ In {^e^S^ 

u= -m'C-'{l-mJ^^+c), C=^-^. (6.8) 

Using this formula, one easily proves the following 

Proposition 6.3 The differential equation (j6.5p has the following properties: 

1. If there is not external electromagnetic field, the A- acceleration is zero. 

2. If there is an external electromagnetic field, the acceleration is hounded by the 
strength of the corresponding Lorentz force. 
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Proof. From 1 to 3 are consequence of eq. (|6.8p : the last consequence is by the 
hypothesis of maximal acceleration and the above properties. □ 

Finally, one can prove the following version of Dirac's asymptotic condition, 

Theorem 6.4 For solutions of the equation (j6.5p it holds the following asymptotic 
condition, 

lim Fl{t) = ^ lim = 0. (6.9) 

r— foo T— >c» 



Proof. From the equation ()6.7p one has that the only non-negative solution for u 
is just u = 0. Then from proposition 16.21 follows the result. □ 

Note that a similar condition for the acceleration follows as soon as = in 
some other limit. 

6.3 Absence of un-physical solutions of the equation (16. 5p 

Run away solutions are solutions that have the following peculiar behavior: even if 
the external forces have a compact domain in the spacetime, the charged particles 
follows accelerating without end. Theorem 16.41 implies that equation ()6.5p is free of 
such problems, 

Proposition 6.5 Equation (|6.5p does not have run-away solutions. 

Proof. It is clear from (|6.9p . An alternative way to see this is the following. Let us 
assume that the external field is zero for some r > tq. Then the expression for the 
maximal acceleration is obtained again from equation ()6.5p . 

-m'{l-^)a'={\e^f{a^f. 

The only solution is a^(r) = A^^^ = 0. □ 

In order to investigate the existence of pre-accelerated solutions of the equation 
(j6.5p , let us consider the example of a pulsed electric field ^20] . This example conveys 
the discovery of the pre-accelerated solutions in the Lorentz-Dirac equation. For 
a electric pulse E = (K5(r),0,0), the equation (|6.5p in the non-relativistic limit 
reduces to 

a3p = K5(T), a = -^. (6.10) 
The solution of this equation is the Heaviside function, 

ax =K, r > 0, (6-11) 

0, r < 0. (6.12) 
This is not a pre-accelerated solution. Therefore, 

Proposition 6.6 In the non-relativistic limit equation (|6.5p does not have pre- 
accelerated solutions of Dirac 's type. 

Since the theory is Lorentz covariant, equation ()6.5p does not have pre-accelerated 
solutions of Dirac's type. It is open the question if (|6.5p is free of any other kind of 
pre-accelerated solutions. 
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6.4 Compatibility with the covariant power radiation 

Let us discuss the mechanical power emitted by a charged particle that follows 
a trajectory solution of the differential equation ()6.5p . This is obtained by the 
contraction of mx^ with the four dimensional tangent vector, 

2 2 2 

mx^x g^^y = pX^x g^y — e A^^^^egi^x , x) . 
Using the kinetic relations from this expression reduces too 

m-ri{x,x) = -e^A^^^e 

and therefore, 

me= -^e'^Al^^^e{l- e). (6.13) 
The solution of this differential equation is 

<r) = J ^ (6-14) 

with c is a constant of integration. Therefore, the acceleration is always bounded 
and at r — )• oo goes to zero. 

There is a coordinate system where the acceleration is a = (0, a) and the velocity 
vector is i; = {v^ , v) . The contraction x^x'^g^i, = a ■ v and the contraction 
g{x,x) = —(1 — e). Then one obtains the rule 

ma-v= — -e {a ■ a) +0{eQ). (6.15) 

Equation ()6.15p is the mechanical power obtained from the forces acting on the par- 
ticle by equation (|6.5p . In this sense, the non-relativistic limit of (|6.5p is compatible 
the rate of energy loss by radiation. The same is true for ()6.6p . 

7 The effective spacetime electrodynamics of general- 
ized fields and charged particles 

In this section we obtain the differential equations of the generalized fields. The 
metric r] is flat and M is four dimensional. 

7.1 Theory of generahzed electromagnetic fields (minimal exten- 
sion) 

The minimal extension of the Faraday and excitation tensor fields that we consider 
are of the form (j4.2p and (j4.4p . with all higher order forms equal to zero for k > 
3. Except for very few terms, the higher order terms do not contribute in the 
minimal extension theory. We assume that the constitutive relation G = -kF. Since 
they are 2-forms, the -k operators for r] and g = Xr] when acting on sections of 
A2(M,J^(Jo^(M))) coincide. 
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Let us consider the 1-forms 

{x« = a;«^tf4X^, i = 1,2,3}, 

that will be relevant, since are useful to define the minimal extension of the fields 
-F, G G A^(M) compatible with the following conditions: 

1. F reproduce (j6.5p as a generalization of the Lorentz force equation with radi- 
ation reaction, 

2. F, G are sections of Tk^{M,F{Jl{M))). 
Therefore, they can expressed as 

X,...) = + /^ai A i), (7.1) 

G{x, X, X, X, ...) = ★ [ip{F){x) + /32 ^ A (7.2) 
The value of the coefficients in a normal coordinate system are 

9 7.(2)p ^(2)A 



3 '^^^2x(^)Px(^)%x' 
Since d4 is a skew-derivation, the following relation holds: 

c?4(A = ft d4(e) A a;(»)^ ^42:'', i = 1, 2, 3. (7.3) 
The expression for T in a normal coordinate system is 

9 ^(2)p ^(2)A„ . _ 

Then it is clear that 1^4 T = 0, 

,9 ™(2)p ™(2)A„ . — ^ — , 

.4T(M^^.(^^^^.^,,)^x(^)A.a)) 

2 o .0 



d4(-e2 A2 



The first term is zero, since the operator ^4 acting on functions of higher order 
components is zero, 

d4i^(x(l)'^,x(2)^x(3)^) =0. 

The second contribution is zero, because ^4 is nill-potent, 

^4^3) A = (i4a?(2) A ^(1) - 2?(2) A (i4(^{2) ^ ^W^^W 

= d4(e) A x(2) A x(i) - x(2) A ^4(6) A x(i) = 0. 
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Therefore, we have the relation 

d^T{''x) = 0. (7.5) 
This formula is valid in any coordinate system. 

The electromagnetic vacuum can be characterize by the fact that F = 0. However, 
it is clear the following result 

Proposition 7.1 IfF = 0, then T = and < F >= 0. 

Therefore, the standard vacuum < F >= coincides with the higher order vacuum 
F = 0. 

7.2 Maxwell's equations for higher order fields and currents 

We propose the following Maxwell's equations for F and G = -kF. The homogeneous 
equations are 

d^F = (7.6) 



Because equation ()7.3p and ()4.2p , the homogeneous equation ()7.6p is equivalent to 
the standard homogeneous Maxwell's equations, 

dF = 0. (7.7) 

This is in accordance with the isomorphism in theorem \2.71\ 

H*{M,F{Jl{M)))c^ HIj,{M). 

This brings out the connection between the cohomology theory developed in section 
2 and the theory of generalized fields. 

The non-homogeneous equations are 

F = J := (^(J) +d4 *T. (7.8) 
For the non-homogeneous equation we note that 

d^-k F = d^^-k (p{F) + (^4 * T = (/?( J) + ^4 ★ T. 
It is natural to define 

J= ip{J) + di *T. (7.9) 
Therefore, the current J is such that 

For such current, the non- homogeneous equations are equivalent to 

(i4 * <p{F) = ip{J). 
Then one obtains an effective equation of the form 

F = J, (7.10) 
which are the standard non-homogeneous Maxwell equation. 
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Theorem 7.2 // (Z^P holds, then the system of equations ^7. 6^ - (778^ is equivalent 
to the system of equations JV. Tj j- fTiTT^ . 

If density current J{x) G A^M must be associated with physical systems, it must 
hold 



dJ = 0. 



(7.11) 



Proposition 7.3 // |7.g| j holds, then ^4 J = 44> dJ = 0. 

Proof. It is a consequence of the commutation relation d4^{ip{a)) = <p{da), because 
of the definition 12.721 Integrating on domains dU C M one obtains the same fluxes 
and total charge for J and J. □ 

Let us pay attention on the boundary conditions for the generalized electromag- 
netic field F. The problem is easily handle if one relates such boundary conditions 
with the boundary conditions for the field F. If the boundary of the domain D C is 
dD and the value on the boundary of the field is Fq{xq), then it is clear the following 
result, 

Proposition 7.4 Given an admissible boundary condition Fq{xo) for F{xq), there 
is a corresponding admissible boundary condition for Fq given by 

FoCxo)= Fo(xo)+ T(^xo). 

It is not clear if there is other admissible boundary conditions, apart from the one 
defined before. However, for a prescribed Fo(xo), the boundary condition is unique. 
In particular, one can apply this result to initial valued problem, where the Cauchy 
hypersurface S M is lifted in Jq (M). 

Combining proposition 7.1 with proposition 7.2 and proposition 7.3 we obtain 



Theorem 7.5 Let ^.2^ and ^.4\ ) be higher order fields. If ^7.4\ ) holds, then the 
theory described by the equations |7. |7.(§[ ) and J^. 7] ) is equivalent to the theory 
described by equations (7.1), (7.10) and {7.11). 

Proof. It is a direct consequence of the equivalence propositions 7.1 and 7.2 and 
the equivalence in the possible boundary conditions of that each system of equations 
can admit. □ 

Let us introduce potentials to solve the equations ()7.7p and ()7.10p . From equation 
r.6D one can write 



F = di^{A) + T, Ae LA^M, 
by the standard Poincare's lemma. Then eq. (|7.8p is 

di ★ (d493(^) + T) = Lp{J) +di-kT 

and then 

dii^diip{A) = ip{J). (7.12) 
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The -k operator can be either corresponding to the metrics rj or g. This is equivalent 
to the standard equation that one can find in Maxweh theory for the electromagnetic 
potential. Therefore, the standard results on existence and uniqueness of solutions 
for A can also be applied. Statements on the existence of gauge fixing also hold. For 
instance, the Lorentz gauge -kri = is also valid gauge fixing condition. 

Also note that the equations are independent of the choice of the star operator (it 
could be both from g and form rj valid), since the action is on 2-forms. Therefore, 

Corollary 7.6 In the Lorentz gauge the potential follows the equation 

□^=*^J. (7.13) 

It is easy to prove that ()7.6p and ()7.8p are invariant under the gauge transformation 

A — > A + dici), 

with (p G J^(Jq (M)). This gauge invariance corresponds with the standard gauge 
invariance of the equations ()7.7p and ()7.10p . 



8 Discussion 

The theory presented in this work describes the motion of point charged particles 
in the vacuum interacting with the total electromagnetic field. The theory makes 
intensive use of generalized higher order fields, that are fields acting on vector fields 
and with values on functions over jet bundles. This consists on an extension of the 
notion field from standard fields to fields with dependence on higher derivatives of 
the curve describing the particle seeing the field. Such extensions provide additional 
degrees of freedom that allows the fields to be adapted to the changes produces by 
the point charged particle used in the measurement of the field. 

The main result that we have found in this paper is that the dynamics of the 
generalized fields and charged particles, described by equations (j7.7p . (|7.1Up . (|7.1ip 
and ()6.6p are consistent: it is free from the pathologies that plague the standard 
electro dynamic theor}0. 

We also found an effective theory with fields F and G on M, described by the 
equations ^M), dZIZl), ([TTO]) and (f7nT|) . That theory is based on the relation ([TTT]) . 
Such relation is a consequence of considering maximal acceleration finite but any 
other acceleration small compared with it (|3.7p . 

There are effective models of the electron where the book-keeping parameter is 
the classical radios of the electron. It could be de case that both approximations, 
the existence of a universal bound in the acceleration and a finite radius of the 
electron are related. For instance, extended charged models requires a limit for the 
acceleration, in order to preserve causality |45j . 

8.1 Brief discussion on the assumptions of the theory 

We have made use of a number hypotheses, whose justification requires some com- 
ments. The introduction of geometries of maximal acceleration is useful to define 

^One still has to prove that there are not pre-accelerated solutions of any type, not only of 
Dirac's type. 
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an effective theory. Since the asymptotic condition ()6.9p holds, the book keeping 
parameter cq is related with the function 



One can see that if the maximal acceleration A^^^ is infinite, then the asymptotic 
expansions introduced in section 5 are trivial and such a case, the procedure to 
find a second order differential equation presented in section 6 fails. Therefore, it 
is fundamental for our considerations to have a limit for the accelerations that a 
charged point particle can reach by means of electromagnetic fields. 

Note that we are considering effective theories, where higher order terms in eo are 
disregarded. The electromagnetic theory developed in this paper is independent of 
the nature of the maximal acceleration, except for the fact that it must be constant 
for each charged particle world-line : I ^ M. 

The hypothesis of maximal acceleration makes natural to consider fields as sections 
of T^P'1\M,J='{J^{M))) with k > 2, since generalized higher order field theory is 
linked with the existence of maximal acceleration through a generalized metric. 

We have assumed that the generalized fields are horizontal. This is one of the 
main differences with other higher order theories proposed in the literature (without 
been exhaustive, see [U dU [391 113 SHI EO]). However, there are several reasons for 
this choice: 

1. If the fields are horizontal, there is a natural geometric notion of local mea- 
surement device. Once an observer has been chosen, the measurements of a 
generalized higher order field does not depend on the state of motion of the 
measurement device, but only on the location of the device in the spacetime M. 
This does not mean that the field is living on M, but that the fluxes produced 
by the fields depend on the tangent choice of the tangent vectors defining the 
flux surface. This interpretation is in congruence with the interpretation of 
the components of a electromagnetic field F as fluxes across some elementary 
surfaces. 

2. It also allows a causal dynamic, changes in the fields in a region U C M 
propagates with the speed of light (thanks to equation ()7.13p ). This is not 
true if the fields are not horizontal. 

3. Since the fields are horizontal, they could be related with high dimensional 
theories via a generalization of Kaluza-Klein mechanism to higher order fields. 
This is not yet done, but it looks a natural property of the theory. This has 
similarity with the reduction formalism. 

4. For horizontal fields it is easy to generalize the standard theory, since one does 
not need to introduce dynamical equations for the non-horizontal pieces, which 
is at the present very complicated to gues^. 

We assumed that the equation of motion for a point charged particle must be of 
second order. This is a natural assumption, since it allows to maintain the principle 

*In the Finslerian setting, a full development of higher order field theories can be found in [11 148] 
and references therein. 
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of inertia in a natural way. Note that the theory does not constrains the dynamical 
equation to a second order differential equations for point charged particles, when 
we formulate theories with fields as sections of T^P'''^M. The reason is that in the 
limit Amax — ^ oo the method proposed does not work. Indeed, it is well known that 
in the framework of standard fields over M and for Maxwell's electrodynamics, the 
equation of motion of a point charged particle must be Lorentz-Dirac equation, which 
is a third order equation. The Landau-Lipshitz equation, although second order, 
cannot be obtained from fundamental principles. It is interesting to investigated if 
Landau-Lipshitz can be seen as an approximation of equation ()6.5p in some limil|2|. 

We have restricted the possible dynamical equations by principles that are con- 
servative. Indeed, the extension of the notion of field has been minimal. Also, we 
look for dynamical equations which are causal, in the sense that 

1. There is a global notion of time (for instance, the spacetime is orientable), 

2. The equation of motion of point charged particles must be a second order 
differential equation for the motion of a point particle. 

The equation of motion must be consistent with the rate of energy-momentum 
loss by radiation. As a result, we find that ()6.6p (and therefore (|6.5p ) is free of the 
pathologies of the Lorentz-Dirac equation. 

We have assumed that the particle is described by one dimensional submanifold 
rc : / — )• M. This assumption must be considered as an approximation, since it 
is known that a classical particle have a finite radius [37]. Therefore, one should 
consider other classes of submanifolds in the more realistic description of the motion 
of the charge distributions. In this contest, the use of distributional sources can be 
relevant 

8.2 Relation with other higher order field theories 

The use of higher order fields in electrodynamics and other field theories has been 
previously studied. Without been exhaustive, some earlier work in the frame work 
of Finsler or Finsler-Lagrange geometry can be found in [U [TTl [35l [36l EHl SZl SHI [50] . 
The existence of many higher order theories shows the non-uniqueness in the exten- 
sions of electrodynamics and other gauge theories on higher bundles and therefore 
the necessity of restrictive principles. We have followed a minimal generalization and 
our motivation has been to find a solution to a problem which is already contained 
in classical electrodynamics. We have been able to prove theorem 17.51 and show that 
such dynamics is free of most of the pathologies of the original theory. 

8.3 Further developments 

Some of the ideas presented in this paper have not been fully developed. This 
includes a fully developed cohomology theory of generalized forms and a extended 
treatment of the geometry of maximal acceleration. On the physical side, there has 

^Recently, it has been found a second order differential equations for charged particles base on 
a multipole expansion of extended charged configurations and self-similarity scale hypothesis [27] . 
It would be interesting to know the relation of our theory with that approach. 
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not been an attempt to develop experimental predictions of the theory. These are 
three aspects which must be develop elsewhere. 

More in particular, the following can be interesting points to be investigated: 

1. From the physical point of view, it is interesting to explore the following points. 

(a) Experimental predictions of the theory presented in this paper. Currently, 
this is a challenging point, because the radiation reaction is a very small 
effect. In particular, equation (|6.5|) can be solved for the Penning trap and 
compare it with the non-relativistic QED prediction [9ll31]. However, the 
Penning-trap system is a standard physical system where the equation of 
motion ()6.5p can be predictive. 

(b) We have shown that geometry of maximal acceleration allows for super- 
luminical motion. This is not surprising since there are possible scenarios 
in Finsler spacetime models ( see for instance |33[ HQ] ) . It is known that 
very strong constraints for superluminical motion in neutrinos systems 
[?] arises by Cherenkov's radiation [15j. However, it is also known that 
those constrains depend on the back-ground geometry (see for instance 
|14j). Therefore, the natural question arises of what are the effects of 
Cherenkov's radiation in geometries of maximal acceleration. 

(c) We have assumed that the electromagnetic medium was the standard 
vacuum. However, it seems natural to extend the theory to more gen- 
eral media compatible with generalized fields and study the extension of 
current models of electromagnetic media. 

(d) We did not include gravitational effects. We think that a proper discus- 
sion of them should not require additional methods, although an addi- 
tional complexity in the calculations is expected. For instance, the use 
of Fermi coordinates for rj instead of normal coordinates is appropriated. 
Nevertheless, one difficulty will be to prove the existence of a vertical 
volume in the case when rj is non-flat. 

(e) In order to perform standard theoretical analysis, one needs an action 
formulation of the theory. There exist actions formulations in the Finsler 
category [l9], [39], which are integrals on the whole TM of a lagrangian 






There are two conditions that this functional must hold 



i. The first condition is that the equations obtained for the extremals 
must coincide with (|7.8p and ()7.6p . 

ii. It must be clarify the relation with the corresponding action of Maxwell 
theory. 
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(f) The extension of the theory to Yang-Mills field is natural. Indeed, from a 
unification perspective, this must be the case. In the Finslerian case, this 
has been investigated in It could be interesting to see whether the 
generalized fields are a mathematical description in between the usual lo- 
cal representation of gauge variables by the potential A and the holonomy 
variables representation, which is the natural variable in any quantum 
gauge theory [13]. 

(g) Beyond the classical theory one has to consider the corresponding quan- 
tum theory, with a lagrangian formulation of the theory developed here, 
standard quantization rules can be applied. 

2. From a mathematical point of view, it is interesting to explore the following 
basic directions: 

(a) We did not discuss a natural formalism to describe our higher order fields 
as it is the theory of sheaves and sheaf cohomology [6]. We think that 
such formulation and the use of the sheaf cohomology language can be 
useful to understand the structure of the theory. 

(b) A curvature theory for the non-linear connections on the spaces of jet 
bundles is missing. 

(c) A curvature theory for geometries of maximal acceleration is missing. 

Acknowledgements. We acknowledge to M. F. Dahl, Shin-itiro Goto, J. Gratus, 
V. Per lick and J. P. Robinson for many valuable comments. 
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